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@ "Discrete-Time Control Systems”. K. Ogata. Prentice Hall. 1995, 2nd
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The objectives of this chapter are

@ List the main properties of the linear invariant discrete models

@ Present the three models: Difference (recurrent) equation, Transfer function,
State-space model

@ Relations between all the models
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|.1 - Introduction

{1, } ix, ) A

- The main assumptions are
e Linearity
e Invariance
e Causality

- For the moment, we consider the independent variable k € Z from a mathematical
point of view. Later this variable will be the discrete-time.

- From the above assumptions, we can consider three different models: difference
equation, transfer function and state-space model.
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|.2 - Difference (Recurrent) Equation

From the adopted assumptions, a first model can be written as
An Ykgn + -+ A1 Y1 + Qo Yk = by Wiy + -+ + by w1 + bouy m<n
with initial conditions yo, Y1, ..., Yyn—1 € R.

Its properties follow from assumptions.

- Linearity
m 2 2 m
: ) _ . U _
Db Qo] = Q| b ) =
i=1 j=1 j=1 i=1

2 n
) ) _ . )
§ o § AiYy 4 = 2 ai § XYk i

j=1 i=1 i=1 i=1

- Invariance because ai,b; e Rfori=1,..,n,j=1,.m

- Causality because m < n
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|.1 - Difference (Recurrent) Equation

Introduce the shift operator q defined by

qug = Ukl
q'ux = Urgi

The difference equation can be written as

D(q)yx = N(q)ux

with
D(q) = a+aiq+...+axq"
N(q) = bo+bigq+...+bnq™m

D(q) = 0 is the characteristic equation of the difference equation. lIts roots are the
characteristic roots.
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|.3 - Z-Transform

We introduce a specific transform, the Z-Transform which is in some sense a transform
similar as Laplace transform in the context of numerical series.

Definition

Consider {fy }xen a numerical serie. The Z-Transform of {f\ }icn is the serie defined by

+o00
Fz) =2[ffl =) fuz 5, z€C
k=0

Some conditions are needed for ensuring convergence of the series (convergence radius)
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|.3 - Z-Transform

Its main properties are summarized below.

Properties of Z-Transform
1. Linearity

Zloc{fi} + B {grll = o« Z[{fi}] + B Z[{guJ]

2. Convolution product: The Z-Transform of the convolution product of two numerical
series {f * g}y defined by
Y figna =) faaqu
1 1

is given by
ZHf x ghd = F(z) G(z)
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|.3 - Z-Transform

3. Shifting theorem

ZHf )] =z '2[{fi )] =z 'F(z)

4. Differentiation theorem

1-1
2l =2" |2[f)) — ) fiz "
i=0
5. Initial value theorem
fo = lim F(Z)

Z—r 00

6. Final value theorem

lim fx = lim(1 —z7 ") F(2)

k—o0 z—1

if the poles of (1 —z71)F(z) are in the unit disk.
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|.4 - Transfer Function

Taking the Z transform of the difference equation, we have

(a0 + arz+ @z +...+anz™)Y(z) = (bg + b1z + b2z% +... + bz™)Y(2) + I(2)

where
I(z) = 0 if the initial conditions are zero

# 0 if the initial conditions are non zero

" N(z) 1(2)
z z
Y(z) = u
(z) D(z) (z)+ 5 B
——

Transfer function
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|.4 - Transfer Function

The transfer function can be written as

(z —zi)
N by i
B =G T e o
1 1(z—p4)
i=1

where
e The roots of numerator z; are the zeros of the system
e The roots of dominator p; are the zeros of the system
e n is the order of the system

e D(z) =0 is the characteristic polynomial of the system
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|.5 - State-Space Model

{1,/ .} W}

The state space model is given by

Xkr1 = Axp + Buy
Yk = Cxx+ Duy, x(0) =x0

where

@ Xy is the state, uy the input , Yy the output and x, the initial condition
@ AcR™™™ BeR™™, CeRP™ DeRP™

@ A is the dynamical matrix, B the input matrix, C the output matrix and D the
feedforward matrix

@ We consider a single-input single-output (SISO) system, i.e. m =p =1
INSA

LAAS
CNRS

Slide 16/32

4ieme année AESE-Chapter | DIGITAL CONTROL - Chapter |



Introduction Difference equation Z-Transform Transfer Function State-Space Model Some Model Transformations Summary Example
(o]e] (o]e]e] 0000 (e]e]e] ooe Q00000000 (o]e] 00000

|.5 - State-Space Model: Non-uniqueness of state-space model

Consider
Xep1 = Axg + Buy
Yk = OCxx+Duy, x(0) =x¢

and consider a new state vector x, = MXy. Then

)_(k—H = M! AMxy + M~! Buy
M)zk+] = AMxy + Buy =
Yy = CMXg+Duy, X(0) =M x4

Selecting appropriately M, we can obtain particular state-space models

e Diagonal form

e Canonical form (controllability and observability)
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|6 - Some Model Transformations: From TF to SS

Consider a transfer function

bo+biz+---+bnz™ Nz
G(z) = = , m<n
Ao+ a1z + -+ apzh D(z)
If the poles are distinct
N(z) N(z) =
(E(Z) — = =
D(z) an(z—pi)lz—p2)---(z—Pn) ;z—pi

The matrices of a state-space model are

0 B

.
pr 0
0 p, -~ O B
0 0 - pn Bn
L C=[v1 v2 - Yn ] xi = Bivi
LAAS
INS CNRS
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(0]) (e]e]e)

| 6 - Some Model Transformations: From TF to SS

If the poles are multiple

N(z) N(z) o8} x2 Xn
G — — — cee
& = B T oA T zoA T zoA? MPESNE
The matrices of a state-space model are
A ] T 0
A= A B=|
1 0
i A 1
C=[ &n n_1 xp ]
INSA: NGES
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|6 - Some Model Transformations: From TF to SS

If a,, = 1,the two canonical forms can be obtained
Controllability canonical form

- 0 1 0 0 7
0
0
A= , B=
: . 0
0 1 1
L —Qp —aj —Qan -2 —QAn -1 4
C=[bo ... bm 0 ---]

Observability canonical form

C —Qan_1 1 0 N (e m L]
—Aan -2 . . 0
A= . y B — bm
: 0
0 1
L —Qap 0 0 0 L bo .
LAAS
C=[1 o 0]
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| 6 - Some Model Transformations: From TF to SS

When m = n, the transfer function is given by

N(z) bo+---+byz"
D(z) ao+-—-+anqz" ! 420

We can write
N(z) = N*(z) + d D(z) with d = b, and N*(z) = N(z) — b,,D(z)

And

Then
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|.6 - Some Model Transformations: From SS to TF

zX(z) —zxo = AX(z) + BU(z)
(zI —A)X(z) = BU(z)+ zxo
X(z) = (zI—A)""BU(z)+ (zI —A) 'zxo
Y(z) = CX(z)+DU(z)

= [C(zI—A) "B+ D] U(z) + C(zI — A) " 'zxq
0 if C.I\;re zero

0 if C.l are zero

Then

G(z)=C(zI—A) " 'B+D
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|.6 - Some Model Transformations: From SS to SS

The characteristic polynomial is

P(z) = det(zl, —A)

— 0 +an_q Zn—]

+---+ar1z+ao

The matrix M transforming the original model into the controllability canonical form is
M = [m] e mn]

with

m, =B
Mp—1 = (A + an—1 In) B
Mmn_2 = (Az +an 1 A+an In) B

my = (An_] + an1 An_z SR e B In) B

(Show it. Hint: AM = MA, and MB, = B with M = [m,
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|.6 - Some Model Transformations: From SS to SS

The matrix M,, transforming the original model into the observability canonical form is
Mo=(Imi o m)"
with

my = C/
my; =(A"+an11,)C
ms3 = ((A/)z + An1 A’ +an_2 In) C’

mn = ((A/)n71 + an—1 (A/)niz g In) C/

(Show it. Hint: A’(M%)~" = (M/)"TA’ and (M’)~'C/, = C’ with
(M) = Imy mnl)
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|.7 - Summary

Transfer Function State-Space Model

N(z)
{ X1 = Axp +Buy

Difference Equation

anYyqn - +Hajyrqg Fapygk €2 =5

=bmuyg o, +-+bjupq +bouy c 5
= X +Duyp

’y ==
G()ibmzm—l—'”—l—b]zﬂ—bo k
2= anz™ +---+ajz+aj

D(z)yyx = N(z)uy
m<n m<n

Characteristic Equation: Characteristic Polynomial: Characteristic Polynomial of A:
ant™ 4+ 4+agr+ag=0 anz™ +---+ajz4+ag=0 P(A) =det(AI —A)
System Order: n System Order: System Order: n = dim(A)

Poles = Roots of Characteristic Poles = Roots of Characteristic Poles = Eigenvalues of A = roots of
Equation: Polynomial Characteristic Polynomial;
. Ay i=1,...,n
Ti i=1,...,n

m
[T (z—z3)

bm j=1

G(z) = —

mn
"I (z—py)
i=1
LAAS
CNRS
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1.8 - Example

Consider the system described by the difference equation
Y2 +3Yki1 + 2y = ux, Yo =1, y1 =1
Taking the Z-transform, we have
2°Y(z) — 2%yo — zyy + 32Y(z) — 3zyo + 2Y(z) = U(z)
Replacing by the values of ypand y;

(22 +32+2)Y(z) = U(z) +2° + 4z

and : 2y
z- + 4z
Y(z) = U(z) 4 E+%2
@)= e Y e
Glz)

The order is 2. The poles are: —1 and —2. There is no finite zero.
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1.8 - Example

Taking as state variables x;, = yx and x,, = yx1, we obtain

0 1 0
Xk+1 = ) 3 | X + 1| W
Yx = [] O}Xk
The transfer function is recovered as
1
z —1 0
Glz) = [1 sz z+3] l1]
z+3 1 0
AR
N z24+3z2+2
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1.8 - Example

The eigenvalues are —1 and —2. With

_ 1 1 1
vel ool
The transformed system is :
—1 0 1
Xk+1 = 0o _—2 | Xk + 1 W
yk = [ 171 xx

The diagonal form can be obtained from the transfer function

1 1 —1

G —= —
2 = o zs2) " z+1 z+2
Then
I S ) L[

Xk+1 - 0o -2 Xk 1 Uk

e = [ -1 ]x

Slide 31/32

4ieme année AESE-Chapter | DIGITAL CONTROL - Chapter |

Introduction Difference equation Z-Transform Transfer Function State-Space Model Some Model Transformations Summary Example
(o]e] (o]e]e] 0000 (e]e]e] 000 Q00000000 (o]e] [eJe]e]e] )

1.8 - Example

The canonical forms can be deduced from the transfer function.

Controllability canonical form
0 1 0
Xk+1 — -2 _3 Xk + 1 Uk

Observability canonical form

_ -3 1 |_ 0
Xkr1 = 2 0 Xk + 1 Uy
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The objectives of this chapter are

@ How to obtain a sampled-data model for a continuous-time system

@ The available models of the continuous-time system are the transfer function or
a state-space model

@ The deduced sampled-data models are the transfer function or a state-space
model
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I1.1 - Introduction

A digital control system is represented in the following figure

i J
cHormend s - Frocéde #=| Captear
I

0 P Car
Processeur |<
uy M

- To communicate with the real world, A/D and D/A conversions are needed.
A/D :y(t) — y(kT) and D/A : u(kT) — u(t)

- A sampling frequency has to be selected.
Shannon Theorem: If the signals spectra contain frequencies in the frequency band
[0, wg], the sampling frequency has to be chosen at least equal to 2wg.

- In practice and due to the feedback, the sampling frequency is chosen 5 to 10 times
the maximal frequency contained in the system bandwidth.

LAAS
CNRS
—

- To prevent aliasing, anti-aliasing filters are also needed INSA

Slide 4/22
4ieme année AESE-Chapter Il DIGITAL CONTROL - Chapter Il



Introduction A/D Conversion D/A Conversion Z-Transfer Function of a Sampled-Data System State-Space Model of a Sampled-Data System
(o]e] [ Je] (o]e) 00000000 000000

Table of Contents |

© A/D Conversion

LAAS
CNRS

INSA

Slide 5/22
4ieme année AESE-Chapter Il DIGITAL CONTROL - Chapter Il

Introduction A/D Conversion D/A Conversion Z-Transfer Function of a Sampled-Data System State-Space Model of a Sampled-Data System

(0]) oce (e]e) O0000000 000000
11.2 - A/D Conversion
3 pit) A

(9] SR
.
K
.

- The A/D conversion can be represented as the analog signal modulated by a pulse
train

+oo
y*(t) =y(t) 5r(t), Or(t) =) 8(t—KT)
k=0
Y () =) yt)st—kT) =) yd(t—kT)
k=0 k=0

Yr = y(kT) : sample of y(t) a t=kT
- The sampled signal is in fact the sequence y(kT)

y(kT)} = {y(k)} = {yu}
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11.3 - D/A Conversion

i )

BT T

Nl 123435 & CHL Dl 13345 ¢

- From the values uy, the A/D conversion produces a continuous-time signal constant
on a period T (Zero-order hold).

- To determine the transfer function associated with the zero-order hold, remark that

di) i

0 t CHA I T H

— The transfer function By (s) is the Laplace transform of the previous impulse response.

]_e—Ts
Bols) =< ———=— INSA
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[I.4 - Transfer Function of a Sampled-Data System

@ Transfer function of continuous-time system ; Z-transfer function of sampled-data
system.

Chu(t]

@ In the continuous-time domain, the sequence {uy}, can be represented as

u (t) = ZOO u, 0(t —kT)
k=0
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[I.4 - Transfer Function of a Sampled-Data System

We have
U(s) = Bo(s) U*(s) with U*(s) = L[u*(t)] = Zuk e KTs

Then

Y(s) = Ge(s)U(s) = G.(s) Bo(s) U*(s) with Y(s Z Gpels)uge ks
Gpe(s)

We can also write

y(t) = L7IY(s)] = D gue(t —KT)u(kT)

with gpc(t) inverse Laplace transform of Gy (s).
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[I.4 - Transfer Function of a Sampled-Data System

Taking the samples a times nT of the previous signal, we have

+o00o

y(mT) =) goel(n—K)TIu(kT)
k=0

which is nothing but a discrete convolution product. Then by the property of Z-transform

Y(z) = G(z) U(z) with G(z) = Z{Guc(s)} = Z{Bo(s) Gc(s)}

Glz) = z{i Gc(s)}

S

By the linearity of the Z-transform

G(z) = (1 —21)Z{Gc(s)} _ 2] Z{GC(S)}

S

1 | s LAAS
s o,
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[I.4 - Transfer Function of a Sampled-Data System

Another important implication can be deduced. Consider a signal s(t) and its sampled
version

s*(t) = ZOO s, 8(t — KT)
k=0

The Laplace transform of s*(t) is given by

+o0
L () =) see®'
k=0

Also remark that e™s(t) =s(t +T). If t = kT, we have e"ss(kT) = s(kT + T) which can
also be written e"$s, = s1.1. And we conclude that

+oo
S(z) = L[s*(t)] = Z sk € T and thenz=e'*
~——
k:O Zik
INSA ==
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[I.4 - Transfer Function of a Sampled-Data System

- The complex function e'*

is a multiform function leading to the aliasing phenomenon

- From a frequency point of view, the aliasing results from the relation z = e"%,

- Because of periodicity of the complex function e, we see that the sampling process
does not discriminate the frequencies w in the bands

[—k7t/T,kmt/T], ke N

generating the aliasing phenomenon.

- This means that the maximal frequency for a sampled signal is 7t/T. This frequency is
called the Nyquist frequency and it corresponds to z = e™ = —1.

- The Nyquist frequency is half of the sampling frequency.
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[I.4 - Transfer Function of a Sampled-Data System

EXAMPLE
i u(f) 1 » Vi
— %{3) e -
A 5H) T
z—1 Ge(s)
G(z) = Z[Bo(s) Ge(s)] = Z
z S
Ge(s) 1 =1 1 1
s sZ(s+1) s s s+1
Using the Z-transform table, we have
z—1 z Tz z
G(z) = — +
z z—1 (z—1)2 z—eT
INSA ™ ==
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[I.4 - Transfer Function of a Sampled-Data System

EXAMPLE: (Continued)

and
K(z—D)
G
P Ty
with
K=e T —1+4T
a=¢e '
T(1—e 1)
e
Numerical Application:
If T=1s. then
z+0,7183

G(2) = 0,367 3. —0.3679)

LAAS
CNRS

INSA=:

Slide 16/22
4ieme année AESE-Chapter Il DIGITAL CONTROL - Chapter Il



Introduction A/D Conversion D/A Conversion Z-Transfer Function of a Sampled-Data System State-Space Model of a Sampled-Data System
(o]e] (o]e) (o]e) 00000000 ®00000

Table of Contents |

© State-Space Model of a Sampled-Data System

LAAS
CNRS

INSA|

Slide 17/22

4ieme année AESE-Chapter Il DIGITAL CONTROL - Chapter Il

Introduction A/D Conversion D/A Conversion Z-Transfer Function of a Sampled-Data System State-Space Model of a Sampled-Data System
(o]e] (o]e) (o]e) 00000000 OC@®0000

[I.5 - State-Space Model of a Sampled-Data System

]
Lot
-
L
53
[y ]
-
[l
(-
k-

@ State-space model of continuous-time system_?> State-space model of sampled-data

system
?
(Ae;Be.C,De) 2 (A,B,C,D)
@ The state-space model of the system is
x(t) = Acx(t) + Bcu(t)
y(t) = C X(t) + De u(t)
INSA ==
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[I.5 - State-Space Model of a Sampled-Data System

t
e (=T B u(t) dt

We have
x(t) = eMelt=to) x, +J
to

On the interval [kT, (k + 1)T], i.e. to = kT and t = (k+ 1)T and from the zero-order hold

(k+1)T
Ac((k+1)T—71) Bc Uy dt

Xkt 1 :eAchquJ e
KT

By the change of variable « = (k + 1)T — T
:
J ehex doc} B uy

AT
Xk+1 = €€ Xk+{
0

The output of the sampled-data system is y(kT), then C = C. and D = D¢, and

Xk1 = Axx + Buy
Yk = C xx + Duy
-
A=erT B=| e**B.dx, C=C,, D=D,
0 e
Slide 19/22
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[I.5 - State-Space Model of a Sampled-Data System

@ We have
Eigenvalues of A. : Ay, i=1,---,n

Eigenvalues of A = e”*c MLi=T1,-m

T.e

The sampling process does not change the open-loop stability property.

@ If A, invertible (Show it)

B=A_"(erT —1)B. =

LAAS
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[I.5 - State-Space Model of a Sampled-Data System

EXAMPLE
Uy uff) 1 pis) o
RO e T i

0 1
x(t) = [ 0 1 ] x(t) + [ i 1 u(t)
yit) = [ 1 =1 ]x(t)
For T = 1s, we have
1 0
A = CAC = l 0 e_] 1
1 1 1 1
B:J eAC"‘BCdoc:J [ _(x]doc:l1 4 ]
0 ol € — € INSAIE: 5%
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[I.5 - State-Space Model of a Sampled-Data System

EXAMPLE (Continued)

The sampled-data state-space model is given by

1 0 1
Xk4+1 = 0 e 1 | Xk + 1_e 1 | Y&

Yx = [] —1 }Xk

If we compute the transfer function, we recover the result of the previous section
G(z)=C(zI,—A) 'B

z+0,7183
(z—1)(z—0,3679)

G(z) = 0,3679
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The objectives of this chapter are

@ Compute the response of the discrete-time linear system
@ From all the models presented in the previous chapters

@ In the case of sampled-data systems, discuss the relations with the original
continuous-time system
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[11.1 - Introduction

- Evaluate the responses for a given system is important to analyze the system
behavior

- Among the input signals of interest, some of them are particularly important:
impulse, step, ramp, periodic signals...

- In that context, it is possible, for the considered models, to derive the responses
analytically. But in practical situations, they are obtained numerically

- However, the principles of analytical determinations are important because they
allow to identify the key parameters whose values have an impact on the
responses
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[11.2 - From the difference equation

- The difference equation recalled here
AnYkgn T+ Q1 Yxp1 + QoY = b Ukgm + -+ by Uy +bou, m<n

with initial conditions yo, Y1, ...,yn_1 can be interpreted as an algorithm directly
adapted for a numerical simulation.

- A method very similar to the one existing for linear time-invariant differential
equations exists in the context of linear time-invariant difference equations, but more
involved. it can be used for analytical calculations.
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[11.2 - From the difference equation
EXAMPLE

Yx+2 — 3Yk41 +2Yx = ux
with
yk:O Vk<0 et uk:O Vk;éO et ILQ:1
u, =0 Vk#0 et uy=1

Iterating from the initial conditions

Y2 = 3yi—2yo+tuy = 1
ys = 3yp—2y1+u = 3
Yg = 3y3 —Zyz +u, = 7

Here we can deduce a closed-form expression (in general this is not obvious)
ye =—T1+27 vk>1
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[11.3 - From The Transfer Function G(z)

Consider the transfer function

If the case of non zero initial conditions, the initial conditions must be included.
Then

2.(.) with C.I

Difference equation Y(z) is a rational function —

.. 2—1(.) using table of Z-transform
Decomposition of Y(z)

7 Yk

LAAS
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[11.3 - From The Transfer Function G(z)

EXAMPLE (Continued)

The initial conditions are zero then

U(z)
Y(z) = u
(2) = GlaIU() = = —
with U(z) = Zukz*k = 1. We have
i=0
1 1 1
Y(z) 22 - 32+2 z—-2 z—1
and
o z z
Viz) =z lz—z z—]}
z—1 [.]:qu k
Then

_ k-1 k—1 _ 9k—1
yk - 2 o 1 - 2 - 1 1 | s LAAS
INSAZ:™ ==
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[I1.4 - From The State-Space Model
It is possible to use the following formula
Y(z) = C(zl—A) " xo + [C (ZI—A)'B+ D] U(z)
Y(z)=C(zI—A) "xo+ G (z)U(z)
and work with the Z-transform. From the state-space model
X1 = Axx + Buy
Yy« = Cxx + Du, xo
Iterating from a state x,,, we have
Xm+1 = AXm + B Um
Xm+2 = AXmi1 +  Bumyr
=  A?xn + ABum +Bunmi
k—1
X1 = AN ™Mx,, + Z AT B
j=m LAAS
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[I1.4 - From The State-Space Model
If x;;, = X0, we obtain
—1
xx = AFxo + E AT B
j=0
and
k—1
Yk = CAkXo +C E Aki]i] Bu]' + Duk
j=0
LAAS
INSA - : CNRS
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I11.4 - From The State-Space Model: Computation of A¥

© A=MAM™" = Ak = MA*M~" =} viw{A; where

i=1

M=[-ve M=

@ Another way for computing A*

zX(z) —zxo = AX(2)

X(z) = (zI—A) " zxo

Taking the inverse of the Z-transform of the previous expression, we obtain

xx = AX %o

and

AR =2"T[(zI-A) '] INSA
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[I1.4 - From The State-Space Model

EXAMPLE (Continued)

Taking a state-space vector xi = [yy,Yis1]', a state-space model is given by

X = 0 1 X + Y u
k+1 - _2 _3 k 1 k , Xo = 0
Yk = [ 1 0 ] Xk

The matrix M diagonalizing the dynamical matrix is given by
T N A 1o
e R e R R C Y
Then

_ 9k—1 k—1
Yy = CA* "Buy = CMA* "M "Buy =[1 0] [ 2-2 1+2 ] [ ? }

22k —1+ 2%

Yk =2kT_1

INSTITUT NATIONAL LAAS
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The objectives of this chapter are

o ldentify the equilibrium states of a discrete-time system
@ Give the conditions of stability of an equilibrium state
@ Present algebraic criteria for stability

@ The use of root locus in that context

@ Introduce the notion of mode
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V.1 - Equilibrium States

Consider the system described in the state-space

Xke1 = Axg + Buy
Yk = Cxx+ Dug

A state X is an equilibrium state or an equilibrium point if when w, = 0, the system
being on X, it remains on X indefinitely.

An equilibrium state X is a fixed point, i.e
Xk+1 :Xk:7_(—>A7_(:7_(

and

(A—Dx =0
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V.1 - Equilibrium States

@ If matrix A — I is regular, i.e.

det(A—1)#0

The unique equilibrium point is the origin x = 0.

@ If matrix A — I is singular i.e.

det(A—1)=0

The number of equilibrium points is infinite
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V.1 - Equilibrium States

2 0
Xk+1:AXk:[O O]Xk

det(A — 1) = —1

One one equilibrium point, the origin.

Exemple 2 I

1 1
det(A —I) =0 — Etats d'équilibre :

AX = ho X=X —X= 0
1 1 o

1 0
X1 = AXy = [ ] Xk
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V.2 - Stability of Equilibrium States

Definition

The equilibrium point X is said stable in the sense of Lyapunov or (stable), if for all
€ > 0, there exists r > 0 which can depend on € but independent of k such that

o —%|| <= |xk—%| <e Yk>0

Otherwise the equilibrium point will be said unstable

.

Th previous notion of stability can be insufficient in some practical situations. We
introduce a strengthened notion of stability called asymptotic stability

Definition

The equilibrium point X is said asymptotically stable it
@ X is stable

@ There exists v > 0 such that ||[xg —X|| <1 = kIim Xk — X
— 00
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V.2 - Stability of Equilibrium States

X1 = A Xk x0#0 — xx= A*xg

We have
xx = Ao = M/\kM_1xo

e For distinct eigenvalues

T k
Wi A
M=[-vy M= : |eM=
T k
WT\. }\Tl
n n
XK = E vi?\‘i‘wzxo = E Nix()?\]f
i=1 i=1 AAs
INSA
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V.2 - Stability of Equilibrium States

@ A possesses T distinct eigenvalues A; and s Jordan blocks L;i and xi = A*x,

= MJ*M~x
_ 7\) 1 -
|
J = L =
L, 1
i A
B k—1 k—2 ]
K Kk — DA}
) 1! 2!
L]f k—1
Lk ] 1
T k
Xk = Ni(-)x )\]f LAAS
iy ]Z e INSAjZE
Slide 10/28

4ieme année AESE-Chapter IV DIGITAL CONTROL - Chapter IV



Equilibrium States Stability of Equilibrium States Algebraic Criteria Root Locus Stability of Sampled-Data Systems Notion of Mode
0000 (oJe]e]e] le) 00000 (o]e} Q0000 Q000

V.2 - Stability of Equilibrium States

Xx+1 = A Xk

A : n X n matrix, whose eigenvalues are A1, - -, A,.

Q Sidje{l,---,r}such that [A;| > 1, then X = 0 est instable.

Q@ IfVj=1,--- 1, [A| <1, then

(a) fVj=1,--- 7, [N <1, then X =0 is asymptotically stable,

(b) if 3j €{1,---,7} such that [A;| =T and the multiplicity order of A; equal 1,
then X = 0 is stable,

(c) if 3j €{1,---,7} such that [A;| =1 and the multiplicity order of A; is
greater than 1,
(o) If the Jordan blocks associated with A; are scalar, then X = O is stable,
(B) If 3 non scalar Jordan blocks associated with A; , then X = 0 is unstable.
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V.2 - Stability of Equilibrium States

Example

_ 165 0 —1 0
A_{O 0,251 A:lo 1]

IAi| < 1. System asymptotically stable.

IAi] = 1 distinct. Stable.

2 0 1
A:lo1} A_l01}
A1 =2 > 1. System unstable. A =1 double . System unstable.
INSA': ==
Slide 12/28

4ieme année AESE-Chapter IV DIGITAL CONTROL - Chapter IV



Equilibrium States Stability of Equilibrium States Algebraic Criteria Root Locus Stability of Sampled-Data Systems Notion of Mode
0000 000000 ®0000 (o]e} Q0000 Q000

Table of Contents |

© Algebraic Criteria

LAAS
CNRS

INSA

Slide 13/28

4ieme année AESE-Chapter IV DIGITAL CONTROL - Chapter IV

Equilibrium States Stability of Equilibrium States Algebraic Criteria Root Locus Stability of Sampled-Data Systems Notion of Mode
0000 000000 (o] lele]e] (o]e} Q0000 Q000

I\V.3 - Algebraic Criteria: JURY Criterion

Consider a polynomial

1

P(z) =anz" +an1z2" "+ +aiz+ao

The JURY criterion gives a necessary and sufficient conditions for the modulus of the roots
of P(z) to be strictly lower than unity. Its general formulation is complex. Here are the
conditions for orders 2, 3 and 4.

ap+ar+a, >0 ap+aj +az + as >0

n=2 ap—aj;+ay >0 —ap+a; —az +as >0
n=3

ar) — ap >0 as — |ap] > 0

aoaz—a1a3—aé+a§ > 0

ao+a;+a+az+as >0
n—4 ao—aj;+a—az+ag >0
a3 — a3 —|apaz —ajas| >0

(ap — as)?(ap — az + as) + (a1 — az)(apaz — ajaq) >0
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V.3 - Algebraic Criteria: JURY Criterion

EXAMPLE
0 1 0
XkJr] = —K 0 O) 25 Xk
1T 3 0

P(z) =det(zl —A) =2> + (K—10,75)z— 0,25
JURY Ciriterion

ap+ay +az +as = K >0
—Qo+a; —a;+as = K+0,5 >0
(13—|(10| = ]—0)25 >0
Clo(lz—(h(lg—(léﬁ-(l% = —K+])6875 >0

Then 0< K< 1,6875

LAAS
CNRS
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V.3 - Algebraic Criteria: ROUTH Criterion

Introduce the bilinear transformation

14+w z—1
z=—— — W=
1T —w z+1

If z= o+ jf3, then
o+ pr—1+2jB
o (x TR p2

We conclude that

zZl <1 <= o?+p’<]l = NRw) <0

Bilinear Transformation
P (z) > Qw)

4

’ Roots P (Z)| <1l= %(Roots Q(W)) <0

It is possible to check the sign of the real part of roots of Q(w) by ROUTH criterion.
INSA LAAS

CNRS
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IV.3 - Algebraic Criteria: ROUTH Criterion

EXAMPLE (Continued)
P(z) =det(zl —A) =23 + (K—0,75)z— 0,25

Qw) =w?(K+0,5) +w?(3—K) +w(4,5—K) +K

ROUTH table :
w3 K+0,5 4,5—K
w2 3—K K
. 8K +13,5
W 3-K
w° K

Then by ROUTH criterion

( K+0,5 >0
3—K >0
4,5—K >0
K >0
| —8K+13,5 >0
Then, 0 < K < 1,6875 INSz= 52
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V.4 - Root Locus

P(z) =24+ (K—0,75)z—0,25

KZ — Root Locus
1+ =0 ‘
(z—1)(z+0.5)
1k S |
@ The root locus can be used as for
continuous-time systems ol K=1.6875

@ Only the region of stability and the
relations between poles values and
associated dynamics change

o
T

@ The simple rules to deduce
approximately the root locus are
summarized in classical courses on
Control System Design (see for example
the Pradin’s et al. Book). "

Imaginary Axis (seconds")

o
o

@ The root locus can be obtained by B 05 Realeis(‘;emds_1) 05 '
efficient numerical tools (MATLAB for
example) INSA Laes
slide 10/28
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IV.5 - Stability of Sampled-Data Systems: Open-Loop

Sampled-data Model (Remark A is

Continuous-time Plant:
invertible):
x(t) = Ac x(t) + Be u(t)
{ y(t) = Cex(t) { X1 = e T xe+ AT (e — 1) Beuy
Yk = Cexxe

N. S. Cond. Of Asymptotic Stab.

N. S. Cond. Of Asymptotic Stab. :
V u; € Spectrum(A)

MR(A) <0 vV A; € Spectrum(A.) i < 1

We have the correspondance
R(A) <0 < il = ler T <1

If the open-loop continuous-time system is asymptotically stable, Then
the sampled-data system is also is asymptotically stable for all T > 0

LAAS
INS CNRS
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V.5 - Stability of Sampled-Data Systems: Closed-Loop

If the sampled-data system is in unitary feedback control structure, then

Ux = Tk — Yk =T — Cexx

where 1 is the reference signal. In closed loop, we have
Xk+1 = Axy + A;‘ (eACT — I) Be 1

{ Y = Cexx

where
C

The matrix A is sampling-period dependent. The eigenvalues of A are also sampling-period

dependent and then stability property too.

LAAS
CNRS

—
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V.5 - Stability of Sampled-Data Systems: Closed-Loop

EXAMPLE

- Consider the continuous-time system

K

=5

- If we put this system in unitary closed-feedback configuration, the closed-loop system
is asymptotically stable for all K > 0 (Show it).

- The sampled-data transfer function G(z) is (see Chapter Il)

G(z) :leO(s)L] =1y [SZ(K ]

s(s+1) z s+ 1)
z—b
G(z)=K(e T —1+T
=K =1+T) oz =em
b e " (T+1)—1
e TH+T -1
INSAjE:~ 5%
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V.5 - Stability of Sampled-Data Systems: Closed-Loop
EXAMPLE (Continued)

The characteristic polynomial is given by

Kem T —1+T)(z—b)

1+G(z)=1+ =0
(z—1)(z—eT)
Root Locus Root Locus
15 T T 15 T
\\
1 T 1- [
e System: sys /,/" s
o Gain: 2.63 — o
7 Pole: 0.201 + 1.01i System: sys 7 “
sl / Damping: -0.195 g5 | Gain:0.241 / .
a8 ™ ; Overshoot (%): 187 g™ Pole: -0.903 v \
S ! Frequency (rad/s): 1.03 < Damping: 1 o \
4] / g \
3 i I B — 8 Overshoot (%): 0 / \\ v
89 i i a Frequency (rad/s): 0.903 f \\ H
2 0 t 2 2 0 3 2 4
E: ' z ‘ \ / ;
i i
2 z | ¥ / ;
£ £ \ /
05| DT \
£ E” N J
N\ e
g
ERs R 1- ) S T
15 I I I I I I I A5 . . . . .
25 2 15 -1 05 0 05 1 1.5 ) 15 1 05 0 05 4 15
Real Axis (5900"5‘5-1) Real Axis (seconds'1)
Root Locus for T =1s - Root Locus for T = 10s INSA LAAS
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V.6 - Notion of Mode

@ For continuous-time systems

- Real poles A — Aperiodic real mode

- Complex poles A, A — Oscillatory complex mode

@ For discrete-time systems

y. Aperiodic if A >0

- Real poles A — Real mode N
Oscillatory if A < 0

- Complex poles A, A — Oscillatory complex mode

LAAS
CNRS_~

INSA
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V.6 - Notion of Mode
/\J"‘f 4’}”‘]"\’

Continuous-time Sampled-time
eTSi
s o+ jw el zi =e!%elT®
i = _ .
' ) =e'*(cosTw +jsinTw)
INSTITUT NATIONAL. LAAS
INSA = ==
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V.6 - Notion of Mode

Im z Imz

\ X
[KXI Rez

(a) (b)

Time Responses of Poles: a) Real mode, b)Complex mode
(From C.T. Chen’s Book)

INSTITUT NATIONAL LAAS
DES SCIENCES CNRS
APPLIQUEES.

TouLouSE

INSA
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DIGITAL CONTROL

Chapter V - Digital Implementation of Analog
Compensators
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The objectives of this chapter are

@ To show how analog compensators can be used in the context
of digital control

@ To present some simple methods for a digital implementation
of analog compensators

LAAS
CNRS_~
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Slide 2/28
4ieme année AESE-Chapter V DIGITAL CONTROL - Chapter V



Introduction Forward Discretization (Euler's Method) Backward Discretization Bilinear Approximation (Tustin’s approximation) Pole-Zero Matchi
®0 (o]e) (o]e] (e]e]e] (e]e]e]

o Introduction
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V.1 - Introduction

@ In the context of linear time invariant systems, there exist several methods.
to design simple compensators largely used in industry (lead-lag , PID
compensators for example).

@ The idea is to see how they can be simply adapted in the context of digital
control.

@ The principle consists in designing an analog compensator whose transfer
function is R.(s).

@ Derive a discrete-time compensator R(z) which leads to a numerical algorithm
implementable on a computer.

@ A way consists in deriving approximated relations between Laplace variable s
and variable z: s = f(z). Then

R(z) = Re(f(2)) = (Rc o f)(2)

LAAS
CNRS
—
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e Forward Discretization (Euler's Method)
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V.2 - Forward Discretization

The derivative can be approximated as

dx x(t+T)—x(t)
dt — T

Taking the Laplace transform, we have

Then, we obtain

z—1
T

S =X

This approximation can also be obtained remarking that

exp(Ts) ~ 1+ Ts

LAAS
CNRS

INSA
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e Backward Discretization
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V.3 - Backward Discretization

The derivative can also be approximated as
dx _ x(t)—x(t—T)
dat T
Taking the Laplace transform, we have

—1

/'Z/\\
X(s) ~ ﬁx( )
sX(s) = T S
Then, we obtain (Euler's Method)
1—z71 21
S~ =
T Tz

This approximation can also be obtained remarking that

I
e s 1-Ts INSA!

exp(Ts) =
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e Bilinear Approximation (Tustin's approximation)
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V.4 - Bilinear Approximation (Tustin's approximation)
If we consider

y(t) = J x(1)du = JH (wdu+ |

. ° t—T

.
x(wWdu=y(t—T)+ J x(u)du

t—T

T

By trapezoidal approximation of the integral, we have
x(t—T) +x(t)

yt) =yt -T) + > T
Taking the Laplace transform, we have
e TS +1 1 T14+e's T1+z"
Y(s)~e ™Y ——TX Y(s)=—- X(s)~ = == —X
(s) ~ e T Yls)+ S TX(s) = Yis) = X(s) & 5 1o X(5) = 5 7o X(5)
And then
2 z—1
SR —
T z4+1
it can also be obtained remarking that
TS e's/2 14 Ts/2
e~ Ts/2 1—Ts/2 INSA ey
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V.4 - Bilinear Approximation (Tustin's approximation)

The following figure shows how the stability region fRe(s) < 0 in the s-plane is
mapped onto the z-plane for the approximations above.

Im

Re
Forward Approximation Backward Approximation Bilinear Approximation
INSA/ =
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e Pole-Zero Matching Method
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V.5 - Pole-Zero Matching Method

- The idea is to transform the poles and zeros of the compensator using the
transformation

zZ=e€

- Care is needed to preserve the static gain (s = 0) and the gain at high frequencies
(s — 00). The static gain for discrete-time system is the gain for z =1 and the gains
at high frequencies is the gains for z = —1.

EXAMPLES

Consider the continuous-time compensator

S+ a

Ris) = s+Db

Applying the pole-zero matching method, the discrete-time compensator is

Riz) a ] _ebT 5 _e-aT
b 1—eal z—e 0T
—_————

To preserve DC- gain

LAAS
CNRS

INSA

Remark that the high gain is not preserved for this example.
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V.5 - Pole-Zero Matching Method

EXAMPLES (Continued)

Consider another continuous-time compensator

s+ a
(s+Db)(s+c)

R(s) =

Applying the pole-zero matching method, the discrete-time compensator is
To preserve high-gain
a (1—e®N)(1—e N — z—e T

Rlz) = 2bc 1—eal (z+1) (z—e ®T)(z—ecT)

7

To preserve DC- gain

The term z+ 1 is zero for z =1 and then the high gain is preserved because for the
continuous-time regulator, the high gain is zero (s — ).

LAAS
CNRS

INSA
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e Digital PID Control
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V.6 - Digital PID Control

Consider the following closed-loop system

F At Eft) 1 Fif)
e PID. LK PpY W
An analog PID can be written as
ky, [* de(t
u(t) :kps(t)—l—_pJ' e(t)dt +kpta e(t)
Ti Jo dt

Using backward-approximation, it can be numerically approximated by
k

T Ta .
uk:kp(ek-i-; ej-l-?(ek—ek_ﬂ):pk-l—lk-l—dk

1 )ZO
When the sampling period is small enough to invalidate the assumption of a negligible
computing-time, €y can be simply predicted using the prediction & (linear extrapolation)

€ —€x—1 = €1 —€x—2 — € =261 — €x2

LAAS
CNRS
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V.6 - Digital PID Control: Implementation

The PID is tuned as done classically for the analog version. In general, some adaptations
can be considered to obtain a control better adapted for real situations.

@ The proportional term is taken as

P:kp (yck - U—k)

@ The derivative part is
Ta

PT
To limit the high frequency gain of the derivative term, the derivative k,Tqs is
approximate by

kpTas

1+ STd/N
and the differential equation giving the approximated analog derivative term is

Ta dD
N dt

di =k (—Yyx +Yx—1)

dy
D=—-k —
—+ pTd at

LAAS
CNRS

INSA
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V.6 - Digital PID Control: Implementation

A discretization by backward approximation leads to

Ta kadN
de= —% —dig— 24 (Y — Y
KT T NT O T oy NT Uk T Ve
@ The integral term is taken as
. . ko T T
ik =11 + ——(Yex — Yk) + T—(Uk—1 —Vi—1)
i t

where vy is the input of the actuator and wuy its output. The signal uy is measured
and if a measure is not available, a model of actuator has to be included in the
algorithm. T, is called the tacking-time constant.

The last term %(ukq —Vi_1) is only active when the actuator saturates. it can be
seen as an additional loop which resets the integrator to an appropriate value with a
time-constant T;.

LAAS
CNRS
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V.6 - Digital PID Control: Implementation

An example of implementation with MATLAB

% yck: reference

% yk measured output time k

% ykold: measured output time k-1

% dk: derivative term time k

% dkold: derivative term time k-1

% ik: integral term time k

% ikold: integral term time k-1

% T: sampling period

% uk: simulated output actuator (control)
% vk: PID output time k vk=pk+ik+dk
% ukold, vkold: uk, vk time k-1

% Derivative term:
% td: Derivation constant
% N: Maximal gain of derivative term

dk=(td/ (td+N*T))*dkold- (kp*N*td/ (td+N*T) ) * (yk-y!

% Action P.I.D.:

% Simulated actuator:

% Proportional term: % umin et umax: saturation limits

% kp: proportional gain
if vk<umin

pk=kp* (yck-yk) ; uk=umin;
elseif vk>umax
% Integral term: uk=umax;
% ti: Integration constant else
% tt: tracking-time constant uk=vk;
ik=ikold+(kp*T/ti)* (yck-yk)+(T/tt) * (ukold-vkold) ; end
| oY
INSA
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e Zero-Order Hold
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V.7 - Zero-Order Hold

The techniques proposed above do not consider the presence of zero-order hold in
the loop. To consider an approximated transfer function, we can remark that the
zero-order hold introduces an average delay equal to T/2. In fact, we have

Ts

Ts/2 o
~Te 2

1 — e—Ts e e—Ts/Z
Bo(s) = ——— =e 1%/2

S S

The method consists in applying the continuous-time design techniques using a
modified open-loop transfer function

LAAS
CNRS
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e w-Transform Method
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V.8 - w-Transform Method

The method can be summarized as

@ Determination of the z-transfer function

G(z) = Z(Bo(s)Gc(s))

© Obtain the w-transfer function using

_1—i—w z—1
I Y z+ 1

V4

and
G(z) —s G (w) = G, (”—W>

© Design a control law R, (w) using the model G, (w).
© The digital control law is obtained by

z—1
R(z) =Rm (z+1)

4ieme année AESE-Chapter V DIGITAL CONTROL - Chapter V
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0 Example
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V.9 - Example

Consider the following system
5

s(s+1)
The gain has been selected equal to 5 to guarantee some steady-state performances
(ramp). A phase lead compensator leading to a phase margin of 45 degrees is given by

G(s) =

1+40,53s
R(8) = —F—+-
1+0,21s
control u
3 T
A 4
s 4
oF ~__ B -
a , ,
o 0.5 1 1.5 2 25 3 3.5 4
s cont‘rol y
1r- - e A WA —|
0.5 -
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Introduction Forward Discretization (Euler's Method) Backward Discretization Bilinear Approximation (Tustin’s approximation) Pole-Zero Matchi

00 00 00 000 000
Method Sampling Period T =0, 1s Sampling Period T = 0, 3s
o z—1 _2,52z—-2,05 _2,52z—1,09
Forward Method: s = R(z) = 2-0,52 R(z) = z+0,43
oz _2,03z—1,71 _1,63z—1,04
Backward Method: s = T R(z) = 2-0,68 R(z) = z—0,41
. Tz+1 _2,23z—-1,85 1,89z —1,06
Tustin : s = 5 —— R(z) = 2—0,61 R(z) = z—0,17
2,20z—1,8 1,76z — 0,99
Matched pole- =2 D° ey
atched pole-zero R (z) 2-0,62 R(z) z—0,24
—1,8
Zero-order hold Approx. R(z) = 31‘170,’2
2,72z —1,57
w-Transform Rlz) = )Zfﬁ
INSA “oes
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control uk

control
1.5 T T T T Y

0.5 + + + + + + + —

control uk

1.5 T T T T T T T 8

0.5 -

0.5 -

4k —

control y

Tustin Approximation: top: T=0.1s, bottom: T=0.3s ,
INSA:: ==
Slide 27/28

control uk
T

2 ! ! !

control y
T

w-Transform Method: T=0.3s
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The objectives of this chapter are

@ Introduce the control design method when a discrete-time state-space model
is available

@ Consider the case where the state is measurable and develop the associated
control, a state feedback control

@ Discuss the case where only an output is measurable and present the state
feedback/observer control structure

LAAS
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VI.1 - Introduction

@ When a state-space model is available, the state provides a complete
knowledge about the system.

@ It can be used for control purpose if it is a measurable quantity (if there
exist the adequate sensors).

@ If the state is not measurable, an output is generally measured and because

there is fewer outputs than states, we call the problem a partial information
control

@ In that case, one possibility is to implement a state feedback where the
state is replaced by an appropriate reconstructed signal
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V.2 - State Feedback: Pole Placement

Consider the following system

Xk+e1 = Axx + Bug
yr = Cxx

A state feedback control is defined by
we = —Lxx + lcyekx

where Y. is the reference signal, 1. is a gain used to impose a closed-loop static
gainand L= [lo 13 --- 1l,_1] isthe state feedback gain. Then, the
closed-loop system is

{Xk+1 = (A—=BL)xx + Blcyex
Yk = Cxx

LAAS
CNRS
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VI.2 - State Feedback: Pole Placement Fromm Controllability Form

Open-Loop System (Canonical Controllability Form)

The open-loop characteristic polynomial is
Piz)=ap+arz+---+an12" " +2z"

and the controllability canonical form

-0 1 0 0
0
A = .
: 0
0 1
L —Qo —ay —Un-—2 —Qan—1
/
B = [ 0 0 0 1 ]
C = bo by bn_> 1
| ) | INSA 5~ =
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VI.2 - State Feedback: Pole Placement From Controllability Form
Closed-Loop System
The desired closed-loop characteristic polynomial is
Yiz)=ao+orz+ - +an 12" +2"
and the closed-loop state-space model matrices are
-0 1 0 e 0 i
0
A—BL = :
) 0
0 1
L —&% —&%1 0 —&p-—2 —O&n—1
/
Bl., = [ 0 0 0 e }
C = [ bO by bn—Z bn—] }
where
o = a; + i=0,....,n—1 LAAS
t oo L INSA L
slide 8/33
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VI.2 - State Feedback: Pole Placement From Controllability Form
State-Feedback and 1. Gains Computation

The control gain is given by

li:oci—ai Vi=0---n—1

Closed-Loop transfer function

The closed-loop transfer function follows

le(bp+brz+---+by g2z 1)
X+ X1 Z4 -+ oy 2™ 20

= C(zln—A+BL) "Bl

Gr(z) =

and the gain 1. can be used to select an appropriate closed-loop static gain

Ge(1) = le(bo+by +---4+br_1)
o+ &g+ o1 +1
= C(In—A+BL) "Bl INSA Laes
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VI.2 - State Feedback: Pole Placement For Any Form
ALGORITHM
@ Open-Loop Characteristic Polynomial
P(z) = det(zln —A)=z"4an_12z" "+ ---+a;z+ ao
@ Feedback-gain for the controllability canonical form
L= [io i] Infﬂ withii:cxi—ai Vi=0, -, n—1
© Matrix M leading to the controllability canonical form
M = [m; o ma ]
m, =B
Mn—1 = (A + an—1 In) B
Mn_—2 = (Az + an-—1 A+ an—2 In) B
m; =AY "+an 1A% . +a;1,)B
@ Feedback-gain for the original system . e
L=0iM' INSA =3
Shide 10/33
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VI.2 - State Feedback: Examples

EXAMPLE 1
Consider the system
1
F —
(s) = 053]

The sampling period is T = 1s. The resulting transfer function G(z) is

0,3679z + 0,2642

Cl2)= 773679, 1 03679

and the controllability canonical form

B 0 1 n 0
Metl Tl 03679 1,3679 | ** 1|t
ye = [ 0,2642 10,3679 ] xx
The desired closed-loop dynamic is

Pa_pL(z) =27
LAAS

INSA & e
‘TOULOUSE —
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VI.2 - State Feedback: Examples
EXAMPLE 1 (Continued)
The associated state-feedback gain is
L=[ao—ay o1 —ai]=[-0,36792 1,3679]
and the closed-loop transfer function
Y(z) 0,3679z + 0, 2642
= G = l’C
Y.(2) r(z) )
To obtain a closed-loop static gain equal to 1, we impose
G(1)=1=0,6321 xl. =1=1, = 1,582
The state-feedback control law is
u, = —[—0,3679 1,3679] xx + 1,582y«
INSA: NCS=
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VI.2 - State Feedback: Examples
EXAMPLE 2

Consider a sampled system described by the state-space model

0,55 0,12 . oo
Xt = 0 0,67 | 0,16 | **
Yx = [1 O}Xk

The characteristic polynomial is
P(z) =2>—1,2224+0,37 =2>+a; 2+ ao

Suppose that the desired closed-loop polynomial is (roots
0.3150 + 0.33281 — 0.3150 — 0.3328)

P(z) =22 — 0,632+ 0,21 =22 + &1 z + oo

The change of coordinate transforming the original state-space model into the
controllability canonical form is given by

[ 0,018 0,0100

M=ABFTaB  BI=M=| 50061 01600 |msmz-

LAAS
CNRS

Slide 13/33
4ieme année AESE-Chapter VI DIGITAL CONTROL - Chapter VI
Introduction State Feedback State Reconstruction Output Feedback Control: State-Feedback/Observer Control
(0]) O00000000e0000 O00000000 000000

VI.2 - State Feedback: Examples

EXAMPLE 2 (Continued)

The state feedback gain associated with the controllability canonical form is
L=[ao—ao o1 —aijl=[-0,16 0,59
and its expression for the original state-space model is
L=IMT=1[9,22 3,11]
The resulting closed-loop static gain is
Gr(1)=C(L—A+BL) "Bl. =0,03881,

To have a static gain equal to 1, 1. = 1/0,0388 = 25,78. The complete control law
becomes

U :—[9,22 3a11]xk+25)78yck

INSTITUT NATIONAL LAAS
INSA i cims
Toniowe —
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VI.2 - State Feedback: Examples

EXAMPLE 3

We can also proceed by direct identification. Consider the unstable system

T 0
Xk+1 = 0 2 Xk + 1| e

Find the state feedback gain L = [l 1;] such that the eigenvalues of the closed-loop
system are 1/2 and 1/4. We have

0 1 1
N (NI R

Then, the closed-loop characteristic polynomial
P(A) = detN[—A+BL) =M+ (L1 =3)A+2+1 —1
By direct identification with
YA)=A=1/2)(A=1/4) =N —3/4A+1/8

we obtain
L=[19/8 9/4] INSA & 5=
nnnnnnnn —
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VI.2 - State Feedback: Structural condition

What are the structural conditions such that the pole placement problem be
solvable?

@ The problem is solvable if and only if the pair (A, B) is controllable

@ A necessary and sufficient condition for controllability of pair (A, B) is
(Kalman criterion)

Rank([B A%B ... A" 'B]) =dim(x) =n

@ If the system is not controllable, a stabilizing state-feedback exists if
the system is stabilizable

@ A pair (A, B) is stabilizable if the uncontrollable modes are asymptotically
stable (]A| < 1)

LAAS
CNRS
—

INSA=:
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VI.2 - State Feedback: Structural condition
EXAMPLE

Consider the unstable system

201 N —1
Xk+1 = 0 1 Xk 1 Uy
Find a state feedback L = [l 14] to place the closed-loop eigenvalues at 1/2 and 1/2. We
have

B ~1 [ L+2 Ll
A—BL = A—l ]1[10 11]_l L 1_111

Then the closed-loop characteristic polynomial is
P(A) = det(Al—A +BL)
= M+l —1L—-3)A+2L—2L+2=A-2)A—-1Lo+ 4 —1)
Identification with 1\ (A) = (A — 1/2)2 = A2 — A+ 1/4 is impossible. In fact, the system is

not controllable. The eigenvalue 2 is not controllable (Show it)

B AB]:l_] _11

LAAS

1 1 INSA ™ ==
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V1.2 - State Feedback: Matlab Procedure
@ The function L=place(A,B,lambda) can be used to determine the gain L
placing the closed-loop eigenvalues contained in the vector lambda if the
pair (A, B) is controllable. For the example 2,
» A=[0.55 0.12; 0 0.67]; B=[0.01; 0.16];
» lambda=[0.3150 + 0.33281 - 0.3150 - 0.3328i];
» L=place(A,B,lambda)
@ An important condition is that the closed-loop eigenvalues be selected different
even if from a theoretically point of view, multiple eigenvalues can be selected.
INSA NG
Slide 18/33
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© State Reconstruction
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V1.3 - State Reconstruction

When the state is not measurable, it is not possible to implement a state-feedback
control law. In many situations, the only available information is an output. Consider the
following system
{ X1 = Axxg + Bug
Uk = CXk
The objective is to obtain an information about the state from the knowledge of the output
Yk, the control u, and the state-space model (A, B, C). The case D # 0 can be considered

defining a new output zx =y, — Duy. A dynamical system exploiting all the available
information is given by

model correction term

— —

Rkr1 = AXx+Bux  + Hye —0k)
estimated output

where the design parameter is the gain H. This systsem is called a state reconstructor or
an observer. Xy is called the the reconstructed state. INSA

LAAS
CNRS
—
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V1.3 - State Reconstruction

To evaluate the performance of such a system, we define the reconstruction error
€Ex = ﬁk — Xk
Its dynamic can be written as
€1 = K1 — X1

= A)“ck—kBuk—i—HC(xk—fck)—Axk—Buk
= (A—LC)ek

If the initial error of reconstruction is €y, then we have
e = (A —LC)*eg
If all the eigenvalues A; of A — LC are such that [A;| < 1

lim €Ex = 0
k—o00

and X — xi when k — oco. The state is asymptotically reconstructed.

LAAS

INSA o
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VI.3 - State Reconstruction: From Observability Form
Observer
The open-loop characteristic polynomial is
Plz)=ap+ajz+---+an 12" " +2"
and the closed-loop state-space model matrices are
[ —anp—7 1 0 -+ 07
—Qn—2
A = .
: 0
—aq 1
| —ap 0 0 0
/
B = [ bn1 bno by by ]
Cc = [ 1 0 0 0 ]
LAAS
==
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VI.3 - State Reconstruction: From Observability Form
The desired closed-loop characteristic polynomial is

$(z) =Bo+PBrz+ -+ Pnaz" ' +2z"

and the closed-loop state-space model matrices are

[ —Bn— T 0 -+ 07
_Bn—z
A—HC = . :
: 0
B 1
| —Bo O -+ 0 0]
H = [heg heo - hy hy | (1)

where
Bi:ai—l—hi l:O,,Tl—]

The observer gain H is easily obtained

hi:Bi—ai Vi=0---n—1 W LAAS
INSA
Slide 23/33
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VI.3 - State Reconstruction: For Any Form
ALGORITHM
@ Open-Loop Characteristic Polynomial
P(z) = det(zl, —A)=z"4an 12" "+ --+ajz+ao
@ Observer-gain for the observability canonical form
H= [hn_q1 --- hy Hho) withhi=fi—a; Vi=0, ---,n—1
© Matrix M leading to the observability canonical form
Mo :([TTL1 mn]/)_1
m, = C’
mMmp—1 = (A/ + an-_1 In) C’
Mnp-2 = ((A/)Z + an—1 A/ +an_—2 In) C/
my = (A" +an 1 (A2 ar 1) C
@ Observer-gain for the original system L Lass
H=M,H INSA
stid= 24/33
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VI.3 - State Reconstruction: For Any Form
EXAMPLE 2 (Previous Paragraph)

Consider the sampled system described by the state-space model (T = 1s)

~ [0,55 0,12 . oo
Xt = 0 0,67 | ** 0,16 | **

ye = [ 1 0]xx
The characteristic polynomial is
P(z) =2 —1,222+0,37 =2z + a1z + a,
Suppose that the desired closed-loop polynomial is (roots 0.5, 0.6)
©(z) =Pa_nc(z) =(2—0,5)(z—0,6) =2 —1,12+0,3
The matrix of transformation M, :

M, =([CC AC+aqC)"

M. — 1 0
° | 5,5833 8,3333 INSAZE" ==
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VI.3 - State Reconstruction: For Any Form

EXAMPLE 2 (Continued)

Observer gain for observation canonical form is given by
H=[B;—a; Po—ao =10,12 —0,0685)'
The gain for the orignal system is then
H=M,H=1[0,12  0,0992)
The observer equations are given by
(. B 0,43 0,12 | . n 0,01
Ml T 00,0992 0,67 | ¢ 0,16 | ™**
+ 0,12
0,0992 | Yk
Ok = [ 1 0]%
INSA = ==
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VI.3 - State Reconstruction: For Any Form

EXAMPLE 2 (Continued)

For an input given by u, =5+ 30sin(0.27tk), T = 1s and initial condition xo = [6 0]/, the
following figure represents the output Yy and the estimated output {.

Output yk and estimated output hat(yk)
T T T

6
=
Joct
5
g
£
=2
=
£

a \ \ \ \ \
o 5 10 15 20 25 30
time in seconds
Output Yy, and estimated output i Laas
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@ Output Feedback Control: State-Feedback/Observer Control
LAAS
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V1.4 - Output Feedback Control: State-Feedback/Observer Control

If only an output is measurable, the following control law can be implemented
(state/feedback/observer control)

{ Xip1 = A X + Buyg

Yk = Cxx

{ Rir1 = AR + Buy + H(yx — Cxy)
€1 = Xkt1 — Xkt

g = —LXx + Leyex

The closed-loop system is given by
Xk41 . A — BL —BL Xk + Blc
€x11 - 0 A —HC €k 0 Yek

ykz[C 0]{Xk]

€k LAAS
INSA: ==
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V1.4 - Output Feedback Control: State-Feedback/Observer Control

@ The closed-loop system is of ordre 2n and the closed-loop poles are the
poles of (A —BL) et (A — HC)

@ There is a separation, the separation principle, which a priori ensures that
the design of the state-feedback can be done independently of the design
the observer.

@ A simple calculation shows that we have

Y(z)

— C(zl, — A +BL) "Bl,
Y2 C(z + BL)

@ The dynamic of the observer is not affected by the reference signal y.i
(uncontrollable). But the dynamic of the observer is observable
from the output yy.

@ This suggests that the dynamic of the observer has to be selected faster
than the state-feedback dynamic (dominance), in general between 3 and 10
times faster. But... INSAL:

LAAS
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VI.4 - Output Feedback Control: Algorithm

Fi

)

F3

i retour de sortie

U = —L)A(k—i—lcyck
Xk+1 = (A —HC)X + Bux + Hyy

Replacing wuy in the first equation, we have

Xk4+1 = (A —HC —BL)Xy + Blc yex + Hyx

U(z) = —L[zlh— (A—HC—BL)] " 'HY(z2)+[1 —L[zI,— (A—HC—BL)]"'B]l Yc(2)

U(z) = —Ri(2)Y(z) + Ra(2)Yc(z)

From the previous equation, the algorithm (difference equation) involving y.x, yx and uy

can be deduced. s
INSAjE:~ 5%
=
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V1.4 - Output Feedback Control: State-Feedback/Observer Control

- Suppose that the real system can exactly described by

x=(A+AA)x+ (B+ AB)u
y=(C+AC)x

where AA, AB and AC represent model uncertainties.

- The closed-loop system in this case is described by

 — [(A+AA)-(B+ABL  —(B+ABL ]y [ (B+AB)
- AA—-HAC—-ABL A—-HC+ABL “AB 1. c
y = [C+AC 0]X

LAAS
CNRS
—

INSA:
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The separation principle is not valid and we have to take into account the
uncertainties.

- The idea is to derive a model for uncertainties

- Several approaches exist using norms of matrices (||AA| < «)

- Other approaches suppose specific forms for uncertainties (polytopic,
norm-bounded...). See Robust Control Literature.

LAAS
CNRS
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DIGITAL CONTROL

Chapter VIl - RST Digital Control

LAAS

INSN CRRS
Slide 1/45
4ieme année AESE-Chapter VII DIGITAL CONTROL - Chapter VII
Introduction Tuning Method of RST digital Control Regulation Tracking Example Tracking and Regulation with Independent Obje
000 (o]e]e] 0000000000 OO0O 00000000000 O00O0 OOOOOOO0O

The objectives of this chapter are

@ Introduce the RST digital control which is a two-degree-of-freedom control

@ Show that under simple structural contraints, this control is adapted for solving
a tracking control problem

@ Give the main steps of the design of such a controller

LAAS
CNRS_~
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© Introduction
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VII.1 - Introduction

Consider the transfer function of a linear sampled-data system described in the
following figure.

@ Recall that A(z) and B(z) are prime polynomials. If not, G(z) is not the
transfer function and the commun terms have to be simplified, revealing a lost
of controllability or observability. INSA e
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VII.1 - Introduction

Por ) T | Sy | B | Fe,
R | A
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R

The proposed algorithm is a two-degree-of-freedom control expressed as

R(z) U(z) = T(z) Ye(z) = S(2) Y(2)

or
S(z) T(z)
U(z) = =22 Y(z) + —— Y (z
e T(2) 5(z)
z z
Cr(z) = =—= and Cg(z) = ——
1(2) = gy and Crlz) =
deg(R) > deg(T), deg(R) > deg(S) L lase
- ’ g INSAIE 5=
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VII.2 - Tuning Method of RST digital Control

We consider the following control structure

W, W,
¥ T + o+ E |+ id
ME —f@J} T ”%‘**
S 1
R e

where W, and W, are respectively perturbations at input and at output.

The expression of the output is given by

B(z)T(z B(z)R(z
Voo BETE . BlERE
A(z)R(z) + B(z)S(z) A(z)R(z) + B(z)S(z)
A(z)R(z
TR+ ps W
z z z z |NSA LAAS
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VI1.2 - Tuning Method of RST digital Control

The tuning method is divided into the two following steps

i) Regulation: The objective is to reject the effects of the perturbations W,, and W,
controlling the dynamic of rejection. This can be done by pole placement using
the degrees of freedom of R(z) and S(z)

ii) Tracking: The objective is to track a signal reference y . The last degree
of freedom T(z) can be used to satisfy the tracking objectives.

Important Remarks

@ In general, the dynamic of regulation is selected faster than the dynamic of tracking.
This induces a time-decoupling between the two dynamics.

@ If the controller in the loop Ck(z) does not cancel zeros of G(z), the zeros of G(z) are
invariant by feedback.

@ The main limitation for the tracking control problem is related to the minimum phase
property of open-loop system. Asymptotic tracking is possible for minimum phase
systems. |
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VI1.3 - Regulation: Conditions of Rejection

Consider the perturbation (z-transform)

@ Remark that the closed-loop transfer functions involved in the reject of
perturbations are

B(z)R(z) and A(z)R(z)
A(z)R(z) + B(z)S(z) A(z)R(z) + B(z)S(z)

then involving the controller Cr(z) or polynomials R(z) and S(z).

@ To solve the regulation problem, the role of R(z) has to be investigated because it
appears in the two numerators.

@ The dynamic of regulation is determined by A(z)R(z) 4+ B(z)S(z). If P(z) is the
polynomial associated to the dynamic of regulation, under what generic conditions
R(z) and S(z) satisfying the polynomial equation

A(z)R(z) + B(z)S(z) = P(z)

LAAS
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VII.3 - Regulation: Conditions of Rejection

- The contribution of the perturbations on the output are described by

V(z) = Si(Wie) = DDA oA

where N (z) = A(z)R(z) and Ng(z) = B(z)R(z).
- The perturbations will be rejected in steady state if the poles of Dy/(z) are
compensated by the numerators N;(z), j = A, B.

o If the roots of Dyy(z) are not in the set of roots of A(z) and B(z), a way to
reject the perturbations is to include them in the polynomial R(z) associated
with the controller.

e In such a case, R(z) is selected as
R(z) = Dw/(z)R:(z)

e The conclusion is that for rejecting a perturbation, its model has to be present in
the open-loop transfer function (Internal Model Principle).

LAAS
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VI1.3 - Regulation: Conditions of Rejection
EXAMPLES
- If the perturbation is a step signal (bias), we have
Dwl(z) =z—1
- If the perturbation signal is of order 1
Dw(z) = (z—1)"
- If the perturbation is periodic, for example a cos or a sin
Dw(z) = 2% — 2z cos(wT) + 1
INSA ==
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VII1.3 - Regulation: Solving P(z) = A(z)R(z) + B(z)S(z)

The dynamic of regulation is defined by the polynomial
P(z) = A(z)R(z) + B(z)S(z)

where the degree of freedoms are R(z), S(z) and P(z). Remark that the following
properties are satisfied.

- If A(z) and B(z) have a common factor, the equation possesses a solution if the
common factor divides P(z).

- If Ro(z) and Sy(z) are solutions, then R(z) = Ro(z) + Q(z)B(z) and
S(z) = So(z) — Q(z)A(z) are solutions for all arbitrary polynomial Q(z). (this can be
verified by a direct substitution)

- There is an infinite number of solutions, but there exists only one of minimal order

such that
deg(R) < deg(B) or deg(S) < deg(A)
INSAz: 5=
oo —
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VII.3 - Regulation: Solving P(z) = A(z)R(z) + B(z)S(z)
- Remark that if deg(S) < deg(R) and deg(B) < deg(A), we have

deg(AR + BS) = deg(AR) = deg(P) = | deg(R) = deg(P) — deg(A)

Among the solutions S(z) such that deg(S) < deg(A), we select the one such that
deg(S) = deg(A) — 1

and the condition deg(R) > deg(S) leads to

deg(P) —deg(A) > deg(A) — 1 = | deg(P) > 2deg(A) — 1

- Usually the polynomial P(z) is selected to exhibit a dominant dynamic P4, (z) where
deg(Pgom) < deg(P). Then P(z) is selected as

P(Z) = Paom (Z) Paux (Z’)

where P,.«(z) is an auxiliary polynomial of appropriate dimension whose roots are

] i T ==
non dominant with respect to the roots of Pqom (z). INSAZE™ ==
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VII1.3 - Regulation: Solving P(z) = A(z)R(z) + B(z)S(z)

The general procedure to solve the regulation problem

Step 1 - Select the dynamic of regulation
P(z) = Paom(2)Paux(2) deg(P) > 2deg(A) —1
Step 2 - Solve the Diophantine equation
A(z)R(z) + B(z)S(z) = P(z)

where

deg(R) = deg(P) — deg(A) deg(S) = deg(A) — 1

The Diophantine equation can be solved by the two equivalent techniques

e By direct substitution and identification of polynomials

e By solving a linear system of equations

LAAS
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VII.3 - Regulation: Solving P(z) = A(z)R(z) + B(z)S(z)
Consider a system of order n. The polynomials are explicitly defined by
Alz) = ao+aiz+ axz>+ -+ anz™
B(z) = bo+biz+baz?+ +buyz"
R(z) = ro+riz+rz2+ - +10_12"]
S(z) = so+s1z+522% 4+ -+ 5p_12™"]
P(z) = po+piz+p2z®+ +pam12°™!
INSAjE:™ 5%
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VII1.3 - Regulation: Solving P(z) = A(z)R(z) + B(z)S(z)

The solution of the Diophantine equation is obtained solving the following linear system

QAo bo 0 0 0 0 0 0 To Po
aj b] Qo bo 0 0 0 0 So P
az bz as b] Qo bo 0 0 T1 P2
as b3 az bz aj bo 0 0 S1 P3
an bn An—1 bn—1 an-—-2 bn—Z ag b] N
0 0 an bn An—1 bn—] e az bZ ' '
o 0 0 0 an  bn -+ a3 bs Tn—2 Pan-—a
) ) Sn-2 Pan-3
. . . . . . . . . Th—1 Pan-2
i 0 0 0 0 0 0 an bn 1 L Sn—1 ] i P2n—1 ]
M X o

The matrix M is a Sylvester matrix. M is invertible if the polynomials A(z) and B(z) are
prime.
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VII.3 - Regulation: Solving P(z) = A(z)R(z) + B(z)S(z)

When a reject of perturbation is explicitly taken into account, R(z) is taken as
R(z) = Dw(z)R;(z) with deg(Dw/) =1

Adapted to this case, the previous approach leads to the following procedure

Step 1 - Select the dynamic of regulation

P(z) = Paom(2)Paux(z)  deg(P) > 2deg(A) +1—1

Step 2 - Solve the Diophantine equation
A(z)Dw(z)Ri(z) + B(z)S(z) = P(z)

where
deg(R;) = deg(P)—deg(A)—1 deg(S) = deg(A)+1—1
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VIIl.4 - Tracking

In several practical problems, the objective is to track a specific reference signal y,i. To
formulate the problem in a general setting, it is possible to consider that the reference is
the output of a model described by

where Y. (z) is a normalized signal (impulse, step ---). Gy, (z) is called the reference model
whose dynamic is in general slower than the dynamic of regulation. A classical example of
such a model is given below

me ‘l_ bm1z
Amo + Am1Z + Am2z?

Gm(Z) -

This model can be obtained sampling a second order continuous-time system defined by
damping & and frequency w,,.
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VII.4 - Tracking

With the model of reference the controlled system has the following structure

Yl [Fil 7| + B ¥
e AN QI Y o SR (i -
A [F A
! —
BT A
P | R

T(z) is selected to satisfy the following conditions

- Obtain a unitary static gain between y,x and yx.

- Compensate totally or partially the dynamic of regulation (in general faster than the
dynamic of tracking)

LAAS

INSA CNRS
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VIl.4 - Tracking

Under these conditions T(z) can be chosen as (if possible)
T(z) =P(z)Th(z)

with 1/B(1) i B(1)#0
B i B
T‘(Z):{ 1 if B(1)=0

The output is expressed as

Bm(2)B(2)T: (2)
Am(z)

Y(z) = Ye(z)

If the dynamic of regulation is partially compensated, the non compensated part must be
non dominant when compared to the dynamic of tracking A, (z).

LAAS
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VII.5 - Example
Consider the system
U uff) 1 »H) Px
M B s) *
S ) T
The sampled transfer-function was obtained and is given
K(z —b) K(z —b) B(z)
G(z) = == = (1)
(z—1)(z—a) z2—(a+1)z+a Alz)
with .
T(1—e"
K=e T—1+T a=e ' b:1—(T—)
e —1+T
The dynamic of regulation is characterized by the dominant polynomial
Paom(z) = 2% + 0z + P
INSA NCS=
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VII.5 - Example

The degrees of polynomials P(z), R(z) and S(z) must satisfy
deg(P) > 2deg(A) — 1 =3, deg(R) =deg(P)—deg(A) =1, deg(S)=deg(A)—1=1
Polynomial P(z) is taken of order 3. z = 0 is taken as non dominant pole and
Paom (2)Paux(z) = (22 + oz + B)z = 2° + az® + Bz
Then the Diophantine equation is given by
(2% = (a+ 1)z +a)(r1z+710) + K(z = b)(s12 + 50) = 2° + az” + Pz
and

1123 4+ [Ks; — (a+ 1)1y +10l2% + [ar; — (a+ 1)1o — Kbs; 4+ Ksg)z + [arg — Kbsy] =
22+ oz’ + Bz

By identification of coefficients, we obtain

T = 1
—(a+1)r; + 19 + Ksj x
ar; —(a+ 1)rg —Kbs; +Ksg = B
aro —Kbso = 0 INSmEE~ ==
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VII.5 - Example: Continued
We can write the associated linear system
a —Kb 0 0 To 0
—(a+1) K a —Kb so | | B
1 0 —(a+1) K | | «
0 0 1 0 S 1
The solution can be obtained from computer algebra tools
b(b—a+ab+ p +bx)
Ty = , T1=1
(a—=Db)(1—b)
o a(b—a+ab+p +bx) . a—b—ab—a’b+a’+(a—b)au—bp —abx
°T K(a—b)1-b) = ' K(a—b)(1—1)

The polynomial T(z) can be selected to compensate a part of the dynamic of regulation
and obtain a unitary static gain
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VII.5 - Example: Continued

@ The sampling period T has been selected equal to 0.1s. The open-loop z-transfer

function is
B(z)  0,0048z + 0,0047

A(z)  z2—1,9048z + 0,9048

G(z) =

@ For the regulation, the dominant dynamic is associated with a second order
polynomial defined by parameters ( = 0,45 and w, = 5rd/s leading to
the polynomial
2% —1,44052 +0,6376 =0

@ The characteristic of the tracking dynamic is associated with a second order
polynomial defines by parameters { = 0,7 and w, = 3rd/s leading to

the reference model
B (2) 0.0729

Am(z) 22 —1,58412 40,6570

INSTITUT NATIONAL LAAS
INSA ™ 5%
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VII.5 - Example: Continued

With the numerical values above K = 0.0048, a = 0.9048, b = —0.9672, o« = —1.4405 and
B =0.6376. Then
R(z) =z+0.1881, S(z) =57.10 z— 36.38

and the polynomial T(z) can be chosen to compensate the pole z = 0 and guaranteeing a
unitary static gain

T(z) = ';((11);‘

The controllers associated with the previous polynomials are

=20.74 z

S(z) 57.10z—3638 T(z) 2074z
R(z)  z+0.1881 ’ R(z) z+0.1881

The closed-loop transfer function is

1,5120 z (0,0048 z + 0,0047)
(22 —1,4405z + 0, 6376)(z2 — 1,5841 z + 0, 6570)

INSA=:

Ggr(z) =
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VII.5 - Example: Continued

For the previous RST control, the system output is compared to the output of reference
model.

1.2

Output yk and output of reference model
T T T

0.6 - -

0.4 -

blue reference model, magenta output yk

Ie) ke I I I I I

[0} 0.5 1 1.5 2 25 3
time in seconds

Magenta: System Output, Blue: Reference Model Output
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VII.5 - Example: Continued

For the previous RST control, the control and the system output are represented in the
following figure

<
=1
= B
=
o
(]
-2 = | | L J
o] 0.5 1 1.5 2 2.5 3
time in seconds
1.2
1k B
~ 0.8 -
=
306 -
=3
O 04t -
0.2 |- -
0 *—H—e I I I I

(o] 0.5 1 1.5 2 25 3
time in seconds

Control uy and System Output yyi
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VII.5 - Example: Continued

If a perturbation (step) affects the system output, it is rejected as shown in the following
figure because polynomial A(z) contains a term (z —1).

&)

Control uk

o
*

(o] 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
time in seconds

Output yk
o
2]
T

o
IS
T

o
*
*

Il Il Il Il Il Il
o] 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
time in seconds

Rejected additive step perturbation of amplitude —0.2 affecting the output
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VII.5 - Example: Continued

But a step perturbation affecting the system input is not rejected because the polynomials
B(z) and R(z) do not contain a term (z —1).

Control uk

I I
o 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
time in seconds

1.2

0.8 -

0.6

Output yk

0.4 -

0.2 -

0 %% ! ! !

Il Il Il Il Il
o 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
time in seconds

Additive step perturbation of amplitude —2 affecting the system input
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VII.5 - Example: Continued

In order to reject a step perturbation at the input of the system, a new RST-controller
is designed introducing in the polynomial R(z) the denominator of the perturbation,
i.,e. Dw(z)=z—1 and

R(z) = (z—T)Rq(2)

In that case, the polynomials P(z), R(z) et S(z) must satisfy (1 =1)

deg(P) > 2deg(A) +1—1 =4, deg(R;) = deg(P) —deg(A) —1 =1
deg(S) =deg(A)+1—1=2

Then
R(z)=19+T1712

S(z) =so+s1 z+ s 22

T(z) is chosen to maintain a unitary static gain and compensate the term of the dynamic
of regulation z? — 1,4405z + 0, 6376

2 _
T(z) = z= — 11,4405z + 0,6376

INSAIE:™ %
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VII.5 - Example: Continued

To solve the associated Diophantine equation is equivalent to solve the following linear
system (Show it)

[ —ap bo 0 0 0 ][ v ] [ 0 ]
ap — g b] —Qap bo 0 So 0
a;—ax by ay—a; by by m | =108

aj 0 a; —az bz b] S1 x
| 0 0 ar 0 bz 1 L So i | 1 i

Solving all the previous equations leads to the RST-controller

S(z) 182.452% —275.00z + 113.20  T(z) B 105.26z% — 151.63z + 67.11
R(z) (z—1)(z+0.59) ' R(z) (z—1)(z+ 0.59)

The closed-loop transfer function is

7,6737(0,0048 z + 0,0047)
22— 1,58412 1 0,657

Ger(z) =
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VII.5 - Example: Continued

For the previous RST control, the system output is compared to the output of reference
model.

1.2

0.8 -

0.6 -

0.4 -

blue reference model, magenta output yk

0 * I I I I I

o] 0.5 1 1.5 2 2.5 3
time in seconds

Magenta: System Output, Blue: Reference Model Output
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VII.5 - Example: Continued

If perturbations (steps) affects the input and the output, now both are rejected as shown in
the following figure.

20

F
10 -
E whb-..
=
S ol L | I— U K
=
o
(@]
10 -
20 I I I I I I
[0} 1 2 3 4 5 6 7
time in seconds
1.2
1
. 08
>
E‘ 0.6
>
O 04t
0.2 -
o I I I I I I
[0} 1 2 3 4 5 6 7

time in seconds

Rejected additive step perturbation of amplitude —0.1 affecting the output at time t = 5s
and additive step perturbation of amplitude —5 affecting the input at time t = 3s
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@ Tracking and Regulation with Independent Objectives
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VII.6 - Tracking and Regulation with Independent Objectives

For plant with stable zeros, it is possible to use a strategy called tracking and regulation
with independent objectives.
The closed-loop transfer function is given

Gur(z) - BETE)
BT A2)R(z) + B(2)S(2)

Then it is possible to include B(z) in the polynomial R(z). R(z) is selected as

R(z) = B(2)Ry(z)

Replacing in the closed-loop transfer Ggr(z), we have

Gprlz) = BT _ B(2)T(2) BT Tz
T T AERD +BES(E) - BZ) ARRi(2) + S B@P()  P(2)
INSAEE
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VII.6 - Tracking and Regulation with Independent Objectives

If in the objectives, we add the rejection of a perturbation whose denominator is
Dw(z), deg(Dw/) =1, R(z) is selected as

R(z) = Dw(z)B(z)R:(2)

Step 1 - Select the dynamic of regulation
P(z) = Paom(2)Paux(z)  deg(P) > 2deg(A) —deg(B) +-1—1
Step 2 - Solve the Diophantine equation
A(z)Dw(z)Rq(z) + S(z) = P(z)

where
deg(R;) = deg(P) —deg(A) —1 degS =deg(A)+1—1
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VII.6 - Tracking and Regulation with Independent Objectives

EXAMPLE (Continued)

Recall the main objectives for the example. The open-loop transfer function is

B(z)  0,0048z+0,0047
A(z) 22 —1,9048z + 0,9048

G(z) =

The dynamic of regulation
2% —1,44052 40,6376 = 0

and the reference model
m(2) 0.0729

B
Am(z) 22 —1,58412 40,6570

A term z — 1 being present in A(z), an additive step perturbation is rejected at the output.
To reject an additive perturbation at the input, a term z — 1 has to be included in R(z).
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VII.6 - Tracking and Regulation with Independent Objectives

EXAMPLE (Continued)

To apply the method of tracking and regulation with independent objectives, R(z) will be
given by
R(z) = (z—1)B(z)Rq¢(z)

The degrees of polynomials will be
deg(P) =2deg(A) —deg(B) +1—-1=4—-1T+1—-1=3
deg(R;) =deg(P) —deg(A)—1=3—-2—1=0=Ry(z) =1
degS =deg(A)+1—1=2+1—1
The diophantine equation is
A(z)(z—1)S(z) = zP(z) = S(z) = zP(z) — A(z)(z — 1) = 1.4643 2 — 2.1720 z + 0.9048

T(z) = z* — 1,4405z + 0, 6376 is chosen to compensate the dynamic of regulation.
INSAE ==
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VII.6 - Tracking and Regulation with Independent Objectives
EXAMPLE (Continued)
The RST controller is defined as
S(z) 1.4643z% —2.1720 2+ 0.9048  T(z) B z? — 11,4405z + 0, 6376
R(z)  (z—1)(0,0048z 4 0,0047) > R(z) (z—1)(0,0048z + 0,0047)
Then the closed-loop transfer function is
Garlz) Bm(z) 0.0729
BRI Am(z)  z (22 —1,5841z + 0, 6570)
The control algorithm is given by
Am(z)R(z)U(z) = B (2)T(2)Yc(z) — Am(2)S(2)Y(z)
and 0.0048uUx 14 — 0.00771x 43 — 0.00T4 U2 + 0.00741p 11 — 0.003Tuy =
0.0729yc, ,, —0.1050yc, ,, +0.0465y., — 1.4643yy 14
+4.4916y +3 — 5.3075Yx 42 + 2.8603Yy k.1 — 0.5945y
INSAEE~ =%
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VII.6 - Tracking and Regulation with Independent Objectives
EXAMPLE (Continued)

For the previous RST control, the system output is compared to the output of reference
model.

1.2

0.8 - -

0.6 - -

0.4 -

blue reference model, magenta output yk

I
o 0.5 1 1.5 2 2.5 3
time in seconds

Magenta: System Output, Blue: Reference Model Output
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VII.6 - Tracking and Regulation with Independent Objectives

If perturbations (steps) affects the input and the output, both are rejected as shown in the
following figure. There is a problem of sensitivity of the input to output perturbation.

Control uk

time in seconds

Output yk
© o o
» o o]

T T T
| | |

o
N
T
I

I I I I
3 4 5 6 7
time in seconds

o

o
-
N

Rejected additive step perturbation of amplitude —0.1 affecting the output at time t = 5s
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and additive step perturbation of amplitude —5 affecting the input at time t = 3s
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VII.6 - Tracking and Regulation with Independent Objectives

The sensitivity function between the output perturbation and input is given by (Show it)

Suu(z) = Vu(z) —A(2)S(z)
uH U(z) A(z)R(z)+ B(z)S(z)
102 —1.462% +4.962% — 6.37z% 4+ 3.69z — 0.82
N 2(0.48z3 — 0.22z2 — 0.37z + 0.30)
Bode Diagram
100 T
g 50 &
-50
360 F T T T
315 - 4
5270 —
§225— 3
180 - -
135 = L L I

-2

10° 10°

Frequency (rad/s)

Bode plot of Sy (z)
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