Chapter IV

Spectral Analysis of Random Signals
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Objective of Chapter IV

Find a way to define appropriately a spectral density for a stochastic process

@ Introduce some important examples

Discuss some extensions to special family of random signals

@ Introduce some basic facts concerning filtering
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Classification of signals from their energetic properties

@ Finite energy signal or Energy signal (L2). The energy of a signal s(t) (s) is finite if

EX:J Ix(t)]?dt < oo (Exk: > \xk\2<oo>
—00

k=—o0

@ Finite power signal or Power signal. The total power of a signal is finite if

o N
1 1
Py = lim — t)]%dt Py = lim ——— % 2
x i Jmlx( )|“dt < oo ("k N N 1k: N\xk\ <oo)

@ Finite power Periodic signal or Power Periodic signal (T: period for continuous-time,
N: period for discrete-time).

1
— 2 _ 2
PxfTJ'(T)Ix(t)l dt < oo kaf—N (NE)IXk\ < 00

@ The total power is not a norm except for periodic signals
@ An energy signal is a zero power signal

@ The energy of a non zero power signal is infinite
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2. Spectral Density

If X(t,w) is a realization of a stochastic {X(t,w),t € T}, its Fourier transform
is given by
00
FIX(t )] = Oxran(f) = | X(t,w)e 2Ty
—00
Dx(t,w)(f) is a random and to connect it with the autocorrelation function, we
evaluate

00 00 . N
E[@x(t,,w) (D Px(t,,w) (F)] = J J E[X(t1, w)X(tz, w)le 127 1127 2 4, de,

00 00
N J J Rx (t1,tz)e 27 (11 —t2) e 21112 gy, dt,
) B
If the process is stationary, we have

E[cbxm,w>(f)<1>xuz,w)(ffn:J j Rx (t1—t, 0)e 127/ (t1 ~t2)2n(- )tz gy, qt,

ooJ —o0
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2. Spectral Density

Denoting T = t; — t,, introduce the bijective change of variable from R? to R?

T - 1 -1 t -
=l e ]
Remark that det|0G/0T| = 1 and then we have

mmwmmmmmzjjkmwmwwH%Mm

—00J —00

leading to (Cramer-Rao’s Theorem)

—00 —00

E@mwﬁwmwmw:UmeﬂmﬂxU e 2n( 1 qp,

Yx(f) 5(f—f")

E[[®x (¢, ()*] = vx(F)
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2. Spectral Density

Consider a stationary stochastic process {X(t,w),t € T}. Its power spectral density
vx(f) is defined as the Fourier transform of the autocorrelation function. More precisely

@ If the process is continuous-time

00

Yx(f):J Rx(1)e T2 dr, Ry(t) =

—00

Rx () = EX(t)X(t +7)], vx(f) = E[I®x(t,w) ()]

J yx(f)e* mdf

—00

@ If the process is discrete-time

T=—00

= o 1/2 -
vx(f) = Z Rx(T)e 727" Rx(1) :J vx(f)e2 T af

=1/2

Rx(T) = EX(t)X(t + 1)1 vx(f) = E[[®x(t,0) (F)I*]
The frequency range is [—f. /2, f. /2] for a sampled signal at frequency f.
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. Spectral Density

PROPERTIES

vYx(f) = 0 for all

- If the process is real, yx(f) = yx(—f),

o0

- PX:Rx(O):mi-FO'i:J 'Yx(f)df

—00

A USEFUL INTEGRAL

- FB(1)] :J 5(t)e 2™ tdr = 1

-F )= J et aAf = J e JAf = 5(t) = 8(—t)

—00

- J 2t qt = §(f)
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3. Examples

EXAMPLE 1: telegraphic signal

For the telegraphic signal, stationary in a wide sense we have

1 1 a
4 aZ 4 22

Note that Px = Rx(0) =1/2
EXAMPLE 2

The process of example 2 is also stationary in the wide sense and

2A%b
Yx () =M28(F) + -7 Px =Rx(0) = A? + M?
EXAMPLE 3

The process of example 3 is stationary in the wide sense and

N N
1 1
Yx() = 3 3 ATPUIB(F—fo) 4 5(1-+ fo)l, Px = Rx(0) = 3 } Alp:

i=0 0
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4. Filtering

@ Many applications involve linear time-invariant (LTI) systems. It is important
to know how the characteristics of random signals are modified by such
systems.

o If {W(t,w),t € T} is the input of a linear system, the output is a stochastic
process defined by {Y(t,w),t € T}

o If the system is LTI, for an input realization, we obtain an output realization
expressed as a convolution product
(oo}

Y(t,w) = h(t)xW(t,w) :J' h(WW(t —u, w)du

= JOO h(t —uwW)W(u, w)du

where h(u) is the impulse response of the LTI system.
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4. Filtering

If the system is stable, i.e

we have .
E[Y(t)] = E Uoo W(u, w)h(t—u) du}
= J'Do EW(u)h(t—u)du = Jm my (Wh(t —u)du

@ If W is at least first order stationary Y is first order stationary and we have

00

EIV()] = mwj h(W)ldv = H(O) m

—00

where H(0) is the static gain of the LTI system
INSA =~ &=

Slide 10/12
3iéme années IMACS/MIC - Germain GARCIA SA - Chapter IV



4. Filtering

00

Ry(tt) = E[Y(mv(tzn:EHw h(u)wm—u,w)duj hW)WIt; —v, w)dv

—00

= Joo h(u)dujOo h(V)EW(t; —u)W(t, —v)]dv

= Joo h(u)dujOO h(V)Rw(t; —u,t; —v)dv

If W is stationary in wide sense, Ry (t; —u,t; —v) = Rw(T+Vv—u), T=1; —t,, then
Y is stationary in wide sense and

h(u)duJ'OO h(v)Rw(t+v—u)dv

—00

Ry (T) :J

—00
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4. Filtering

The spectral density of the output is given by

J Ry(T)e 2™ dr

—00

Yv(f)

r h(u) duro h(v)dvro Rw(t+v—u)e 27T dr

—0o0 —00 —0o0

But e 12717 = g i27f(THv—u)gj2nfvo—j2nfu and denoting s = T+ v — u, we have

yy(f) = J h(u)e’jz’”“duJ h(v)ejzmc“va Rw(s)e 1275 ds
= HG2nf)H{G27f)yw (f)

and then

[y (f) = [HG2R) Pyw(9) |
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