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RANDOM SIGNALS

Chapter II

Probability Theory and Random Variables
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Objective of Chapter II

Recall some basic facts concerning Probability theory and Random variables

Introduce the main notions for the following chapters
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1. Axioms of Probability Theory

Consider a set Ω called a Probability Space. For example, consider the rolling of a
die, we have

Ω = {ω1 = Face 1,ω2 = Face 2, . . . ,ω6 = Face 6}

When the die is rolled, we obtain an element ω ∈ Ω.

We can consider Ω1 = {ω2} ⊂ Ω is the event Face 2 turns up when the die is
rolled.

We can also consider Ω2 = {ω2,ω4,ω6} ⊂ Ω is the event Face 2, Face 4 or
Face 6 turns up

Subsets Ωi are events and two events Ω1 and Ω2 are called mutually exclusive if
Ω1 ∩Ω2 = ∅
To manage events, we can use the set theory notation, intersection Ω1 ∩Ω2, union
Ω1 ∪Ω2 . . .
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1. Axioms of Probability Theory

- We assign probabilities to events via a probability function P(•) defined on the set of
all subsets of Ω denoted P(Ω). P(•) satisfies the following axioms

i) P(Ωi) > 0, ∀Ωi ∈ P(Ω)

ii) P(Ω) = 1

iii) If Ωi ∩Ωj = ∅, i 6= j, i, j = 1, . . . , n, then

P(Ω1 ∪Ω2 ∪ . . . ,∪Ωn) = P(Ω1) + P(Ω2) + . . .+ P(Ωn)

iv) If Ωi ∩Ωj = ∅, i 6= j, i, j = 1, . . . , n, . . ., then

P(Ω1 ∪Ω2 ∪ . . . ,∪Ωn ∪ . . .) = P(Ω1) + P(Ω2) + . . .+ P(Ωn) + . . .

- The triplet (Ω,P(Ω), P) is called a Random Experiment.
- For general sets Ω (for example R), some care has to be taken to define an appropriate
class of events. This class has to be a σ-algebra. In general P(Ω) is not a σ-algebra
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1. Axioms of Probability Theory

From the above axioms, it is possible to show some special results.

- P(∅) = 0
- P(Ω1) = 1− P

(
{ΩΩ1

)
- P(Ω1 ∪Ω2) = P(Ω1) + P(Ω2) − P(Ω1 ∩Ω2) 6 P(Ω1) + P(Ω2)
- If Ω1 ⊂ Ω2 then P(Ω2) = P(Ω1) + P

(
Ω2 ∩ {ΩΩ1

)
> P(Ω1)
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2. Independence

Definition

Two events Ω1 and Ω2 are independent if and only if P(Ω1 ∩Ω2) = P(Ω1).P(Ω2)

A statement about one event does not affect the statement about the other

This definition can be extended for more than two events

When two events are not independent, a statement about one event affects a
statement about the other and we can define the conditional probability.

Definition

Consider two events Ω1 and Ω2 such that P(Ω2) 6= 0. The conditional probability of
Ω1 given Ω2 is defined as

P(Ω1|Ω2) =
P(Ω1 ∩Ω2)
P(Ω2)

The conditional probability allows the introduction of an a priori knowledge about an
event in the evaluation of the probability of another one
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3. Random Variables: distribution function

Definition

A fonction X(•) defined on Ω and whose values are in E is called a random
variable if for every x ∈ E the inequality

X(ω) 6 x

defines a subset of Ω whose probability is defined.

- If E = R, X is called a real-valued random variable

- When E is countable, X is called a discrete random variable

Definition

The distribution function of a random variable X is the function from E to [0, 1]
defined by

FX(x) = P(X 6 x) = P({ω ∈ Ω : X(ω) 6 x})
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3. Random Variables: distribution function

The main properties of the distribution function are

FX(x) is monotone nondecreasing i.e. FX(x1) 6 FX(x2) if x1 < x2
lim
x→∞FX(x) = 1 and lim

x→−∞FX(x) = 0
P(x1 < X 6 x2) = FX(x2) − FX(x1)

If x1 = x− ε and x2 = x, then P(x− ε < X 6 x) = FX(x) − FX(x− ε). Letting
ε→ 0, we have

P(X = x) = FX(x) − FX(x−)

When E is countable, from the above analysis, FX is discontinuous at all x ∈ E
where the jump equals P(X = x)
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3. Random Variables: density function

When the random variable is continuous, we can define its density function.

Definition

If the random variable X is continuous, there exists a density function fX defined as

FX(x) =

∫x
−∞fX(u)du

If FX(x) is continuous at all x, we have

fX(x) =
d

dt
FX(x)

at all x where the derivative exists.
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3. Random Variables: density function

PROPERTIES

Since FX is monotonic, we have fX(x) > 0

From the properties of FX, we also have∫∞
−∞fX(u)du = 1

If x1 6 x2,

FX(x2) − FX(x1) =

∫x2
x1

fX(u)du

We also have
P({x 6 X(ω) 6 x+ dx}) = fX(x)dx

and P({X(ω) = x}) = 0
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3. Random Variables: density function
EXAMPLE 1

Consider that a telephone call occurs at random in the time interval [0, T ]. Let Ω = [0, T ]
and consider that

P(t1 6 ω 6 t2) =
t2 − t1
T

, t1, t2 ∈ [0, T ] (a call in the interval [t1, t2])

Consider the random variable X(ω) = ω

If x > T then {X(ω) 6 x} = Ω and P({X(ω) 6 x}) = FX(x) = 1

If x < 0 then {X(ω) 6 x} = ∅ and P({X(ω) 6 x}) = FX(x) = 0

If 0 6 x 6 T then {X(ω) 6 x} = {0 6 ω 6 x} and P({X(ω) 6 x}) = FX(x) = x/T

The density function is obtained by differentiation

fX(x) =


0, x < 0

1/T, 0 < x < T

0, x > T

FX(x) not differentiable at 0 and T
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3. Random Variables: density function
EXAMPLE 2

- Consider the experiment of tossing a coin. We have Ω = {p, f}, p:heads, f:tails

- P(Ω) = {∅, {p}, {f},Ω} and P({f}) = p1, P({p}) = p2, p1 + p2 = 1

- Define the random variable X(ω) by X(p) = 1 and X(f) = 0

- To determine the distribution function, remark that
If x > 1 then {X(ω) 6 x} = {X(ω) = 0} ∪ {X(ω) = 1} = Ω ⇒ FX(x) = 1

If x < 0 then {X(ω) 6 x} = ∅ ⇒ FX(x) = 0

If 0 6 x < 1 then {X(ω) 6 x} = {X(ω) = 0} = {f} ⇒ FX(x) = p1

To unify discrete and continuous random variables, we can obtain the density
function by differentiation introducing the Dirac delta function δ. We have

fX(x) = p1δ(x) + p2δ(x− 1)

and ∫∞
−∞fX(u)du = p1 + p2 = 1(∫∞

−∞f(u)δ(u−u0)du = f(u0)

)
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3. Random Variables: Expectation and moments
Definition

- If X is a random variable, we define (when it exists) the expectation (also called
average or first moment) by

E[X] =

∫∞
−∞xfX(x)dx

- More generally if y = g(x), g(•) being a fixed real function, we have

E[g(X)] =

∫∞
−∞g(x)fX(x)dx

In particular case when g(x) = xn, the indicator is called the nth moment.

- The nth central moments are defined as

E[(X− E[X])n] =

∫∞
−∞(x− E[x])nfX(x)dx
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3. Random Variables: Expectation and moments

- E[X2] is called the mean square value of X

- E[(X− E[X])2] = var[X] is the variance

- σ[X] = (var[X])1/2 is the standard deviation. It measures the dispersion about
the mean of X

- If X is discrete taking values xi with probabilities pi, i = 1, . . . ,N, then

fX(x) =

N∑
i=0

piδ(x− xi)

and

E[Xn] =

∫∞
−∞x

nfX(x)dx =

N∑
i=0

xni pi
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3. Random Variables: Expectation and moments
PROPERTIES

- E[X] is a linear operator i.e. E[aX+ bY] = aE[X] + bE[Y], ∀ a, b
- If a is a constant E[a] = a

- var[aX+ b] = a2var[X], ∀ a, b
- var[X] = E[(X− E[X])2] = E[X2] − E[X]2. (Huyghens’s Theorem)

- min
a
E[(X− a)2] = E[(X− E[X])2] = var[X]

A random variable may also be specified in terms of its characteristic function defined as

ΦX(u) = E[ejuX] =

∫∞
−∞fX(x)ejuxdx (Inverse Fourier transform of fX)

and
fX(x) =

1

2π

∫∞
−∞ΦX(u)e−juxdx

In particular

E[Xn] = j−n
dnΦX

dun
(0) and ΦX(u) =

∞∑
k=0

jkE[Xk]

k!
uk
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3. Random Variables: Examples

Bernoulli distribution

- Ω = {ω1,ω2} and X(Ω) = {0, 1}

- P(X = 1) = p and P(X = 0) = 1− p, p ∈ [0, 1]

- The distribution is given by

FX(x) =


0, x < 0

1− p, 0 6 x < 1
1, x > 1

- The density function is

fX(x) = (1− p)δ(x) + pδ(x− 1)

- E[X] = p and var[X] = p(1− p)

- ΦX(u) = 1− p+ peju
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3. Random Variables: Examples

Binomial distribution

- Ω = {ω1,ω2, . . . ,ωn}, X(Ω) = {0, 1, . . . , n}, X =

n∑
i=1

Xi

( Xi : Bernoulli distributed and mutually independent)

- P(X = k) = Cknp
k(1− p)n−k k = 1, . . . , n, n ∈ N∗, p ∈ [0, 1]

- The density function is

fX(x) =

n∑
k=1

P(X = k)δ(x− k)

- E[X] = np and var[X] = np(1− p)

- ΦX(u) = (1− p+ peju)n
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3. Random Variables: Examples

STA109 5

1.3 Loi Binomiale B(n,p)

X suit une loi binomiale de paramètres n et p

Distribution des probabilités: Fonction de répartition:

Espérance et variance: E(X) = np; V(X) = np(1-p)

STA109 5

1.3 Loi Binomiale B(n,p)

X suit une loi binomiale de paramètres n et p

Distribution des probabilités: Fonction de répartition:

Espérance et variance: E(X) = np; V(X) = np(1-p)

Binomial random variable: density and distribution functions

3ième années IMACS/MIC - Germain GARCIA SA - Chapter II



LAAS
CNRS

Slide 19/34

3. Random Variables: Examples

Poisson distribution

- Ω = {ω1,ω2, . . . ,ωn, . . .}, X(Ω) = N∗

- The probabilities are

P(X = k) =
λk

k!
e−λ, λ : positive parameter

- The density function is

fX(x) =

∞∑
k=1

P(X = k)δ(x− k)

- E[X] = λ and var[X] = λ

- ΦX(u) = eλ(e
ju−1)
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3. Random Variables: Examples

STA109 6

1.4 Loi de Poisson
 X variable aléatoire suivant une loi de Poisson de paramètre 

Distribution des probabilités: Fonction de répartition:

Espérance et variance: E(X) =  ; V(X) = 

STA109 6

1.4 Loi de Poisson
 X variable aléatoire suivant une loi de Poisson de paramètre 

Distribution des probabilités: Fonction de répartition:

Espérance et variance: E(X) =  ; V(X) = 

Poisson random variable: density and distribution functions
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3. Random Variables: Examples
Uniform distribution (continuous)

- X(Ω) = R
- The density function is given by

fX(x) =


0, x < a
1

b− a
, a 6 x 6 b

0, x > b

a, b ∈ R

- The distribution function is

FX(x) =


0, x < a

x− a

b− a
, a 6 x 6 b

1, x > b

- E[X] = (a+ b)/2 and var[X] = (b− a)2/12

- ΦX(u) =
ejbu − ejbu

it(b− a)
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3. Random Variables: Examples

STA109 10

2.1 Loi Uniforme continue

X variable aléatoire suivant une loi Uniforme continue entre a et b

Densité de probabilités (f):

Espérance et variance: E(X) = (a+b) / 2 ; V(X) = (b-a)2 / 12

Fonction de répartition (F):

x

f  (x)X

STA109 10

2.1 Loi Uniforme continue

X variable aléatoire suivant une loi Uniforme continue entre a et b

Densité de probabilités (f):

Espérance et variance: E(X) = (a+b) / 2 ; V(X) = (b-a)2 / 12

Fonction de répartition (F):

F (x)
X

x

Uniform random variable: density and distribution functions
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3. Random Variables: Examples

Gaussian (Normal) distribution (continuous)
- X(Ω) = R
- The density function is given by

fX(x) =
1

σ
√
2π
e
−

(x−µ)2

2σ2 , µ, σ ∈ R+

- The distribution function is

FX(x) = P(X 6 x) =
1

2
+ erf

(
x− µ

σ
√
2

)
,

(
erf(u) =

2√
π

∫u
−∞e

−u2du

)

- E[X] = µ and var[X] = σ

- ΦX(u) = ejµu−
σ2u2

2
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3. Random Variables: Examples

STA109 12

2.3 Loi Normale

 X variable aléatoire suivant une loi Normale de paramètres µ et  2

Densité de probabilités (f):

Espérance et variance : E(X) = µ ; V(X) = 2

Fonction de répartition (F):

STA109 12

2.3 Loi Normale

 X variable aléatoire suivant une loi Normale de paramètres µ et  2

Densité de probabilités (f):

Espérance et variance : E(X) = µ ; V(X) = 2

Fonction de répartition (F):

Normal random variable: density and distribution functions
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3. Random Variables: Approximations

16

3. Approximations des lois

Binomial distribution

Normal distributionPoisson distribution

p < 0,1
n > 50

 = np µ = np; 2 = np(1-p)

np(1-p) > 18

 > 18
µ = ; 2 = 

Approximations between distributions
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3. Random Variables: Tchebycheff’s Inequatlity

Theorem (Tchebycheff)

Consider a random variable X. We have

P(E[X] − ε < X < E[X] + ε) > 1−
σX
2

ε2

For any random variable, if σX � ε, the probability that X takes values in the interval
[E[X] − ε, E[X] + ε] is equal to 1.
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4. Pair of Random Variables
In some situations, it could be necessary to consider several random variables. For the
sequel, consider a pair of random variables will be necessary.
Definition

- Consider two random variables X and Y. We say that they are jointly distributed if
the are defined on the same probability space.

- They may be characterized by their joint distribution function

FXY(x, y) = P({X(ω) 6 x} ∩ {Y(ω) 6 y})

or their joint density function

FXY(x, y) =

∫x
−∞

∫y
−∞fXY(u,w)dudw

- It follows that

fXY(x, y) =
∂2FXY

∂x∂y
(x, y)
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4. Pair of Random Variables

PROPERTIES

- FXY(−∞, y) = FXY(x,−∞) = FXY(−∞,−∞) = 0 ∀x,y
- FXY(∞,∞) = 1, FXY(x,y) > 0 and fXY(x,y) > 0 ∀x,y
- If x2 > x1 then FXY(x2, y) − FXY(x1, y) = P({x1 < X(ω) 6 x2}∩ {Y(ω) 6 y})

- P({x < X(ω) 6 x+dx}∩ {y < Y(ω) 6 y+dy}) = fXY(x,y)dxdy

- We have ∫∫
fXY(x,y)dxdy = 1

- If X and Y are discrete random variables, the density function is given by

fXY(x,y) =
∑
i

∑
j

pijδ(x− xi)δ(y− yj) with pij = P(X = xi and Y = yj)

- If X and Y are independent the joint density and distribution functions satisfy

fXY(x,y) = fX(x)fY(y) and FXY(x,y) = FX(x)FY(y)

3ième années IMACS/MIC - Germain GARCIA SA - Chapter II



LAAS
CNRS

Slide 29/34

4. Pair of Random Variables
We can also extend the moments to the case of a pair of random variables

Definition

- If X and Y are random variables, we define the (n,m)-moment by

E[XnYm] =

∫∞
−∞

∫∞
−∞x

nymfXY(x, y)dxdy

- More generally if y = g(x, y)), g(•, •) being a fixed function, we have

E[g(X, Y)] =

∫∞
−∞

∫∞
−∞g(x, y)fXY(x, y)dxdy

- The (n,m)-central moments are defined as

E[(X− E[X])n(Y − E[Y])m] =

∫∞
−∞

∫∞
−∞(x− E[X])n(y− E[Y])mfXY(x, y)dxdy
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4. Pair of Random Variables
PROPERTIES

- E[X] is the (1,0)-moment, E[Y] is the (0,1)-moment and the (0,0)-moment is equal to 1
- The(1,1)-central moment is important. It is called the covariance and is denoted by
cov[X,Y]

- We have cov[X,Y] = E[XY] −E[X]E[Y] and cov[X,X] = σ2X = var[X]

- E[XY] is a scalar product. When E[XY] = 0, we say that X and Y are orthogonal
- The ratio

ρ[X,Y] =
cov[X,Y]

σXσY

defines the correlation coefficient of X and Y. We have |ρ[X,Y]| 6 1

- When ρ[X,Y] = 0, X and Y are said uncorrelated
- When |ρ[X,Y]| = 1 ⇔ Y = aX+ b with probability 1 and

a =
cov[X,Y]

var[X]
and b = E[Y] −

cov[X,Y]E[X]

var[X]

- We can also define the characteristic function as ΦYX(u1,u2) = E[ei(u1X+u2Y)]

- X and Y independent ⇒ E[XY] = E[X]E[Y] , cov[X,Y] = 0.The converse is in general false
- X and Y independent ⇔ ΦYX(u1,u2) =ΦX(u1)ΦY(u2)
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5. Conditional Probabilities and Expectations
Definition

- Consider two random variables X and Y. We define the conditional density
function fX|Y(x|y) of x given {Y(ω) = y} for all x and y such that fY(y) > 0 by

fX|Y(x|y) =
fXY(x, y)

fY(y)
=

fXY(x, y)∫
fXY(x, y)dx

were fY(y) is called the marginal density function of Y

- Reversing the role of X and Y, we obtain

fXY(x, y) = fY|X(y|x)fX(x)

- Substituting, we obtain the Bayes’ rule

fX|Y(x|y) =
fY|X(y|x)fX(x)

fY(y)

3ième années IMACS/MIC - Germain GARCIA SA - Chapter II



LAAS
CNRS

Slide 32/34

5. Conditional Probabilities and Expectations

PROPERTIES

Let X and Y be jointly distributed random variables. We have

- fX|Y(x|y) > 0

-
∫
fX|Y(x|y)dx = 1

- fX|Y(x|y) depends of the realizations of Y, it is itself a random variable. More
precisely, it is a function of the random variable Y

- fX(x) = E[fX|Y(x|Y)] =
∫
fX|Y(x|y)fY(y)dy

- fX|Y(x|y) = fX(x) if X and Y are independent
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5. Conditional Probabilities and Expectations

Definition

- The conditional expectation of the random variable X, given the random
variable Y is defined by

E[X|Y] =

∫
xfX|Y(x|y)dx

E[X|Y] = is a random variable because it depends of the realizations of Y

- The conditional variance matrix is then defined by

σ2X|Y = E[(X− E[X|Y])2|Y]

Note that σ2X|Y is also a random variable.
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5. Conditional Probabilities and Expectations

PROPERTIES

Let X, Y, Z be jointly distributed random variables and g(•) a scalar-valued function.
Then

- E[X|Y] = E[X] if X and Y are independent

- E[X] = E[E[X|Y]]

- E[g(Y)X|Y] = g(Y)E[X|Y]

- E[g(Y)X] = E[g(Y)E[X|Y]]

- E[a|Y] = a ∀a

- E[g(Y)|Y] = g(Y)

- E[aX+ bY|Z] = aE[X|Z] + bE[Y|Z] ∀a, b
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