Chapter Il

Models for LTI Systems
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Objective of Chapter Il

Introduce the main models for LTI systems (Differential equation, Transfert
function and State-space model)

Present the notion of state and the state-space models
@ Discuss the relations between the models

@ Introduce some canonical models
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1. Main Assumptions

- The model has to capture the properties of the physical system
- Assumptions adopted in the sequel
@ Linearity (superposition principle)
For all &y and ; € R, oy + o) = o fug) + o f(uz)
@ Invariance : the characteristics of the system are independent of the origin of time

i.e. If y(t) = f(u(t)) then Vto, y(t —to) = flu(t —to))
© Causality

At time t, the output y(t) only depends of inputs u(t) at times t; <t

@ We consider systems with one input and one output (Single Input, Single Output
systems, SISO)
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2. Differential equation

A linear time-invariant and causal system can be described by a linear differential equation

d(n)y(t) d(nfl]y(t) dy(t)
an?+an7]W+"'+a1 at + aoy(t)
d™u(t) dmNu(t) du(t)
=bp——4+bp1———+---+Db b t
dtm + 1 dgm—1 + + by dt + Ou( )
Initial conditions y(0), y'(0),---,y™=1(0)

m < n (causality), a;i, b; € R (Invariance)

n is the order of the system

INSAZ 5
Slide 4/72
3iéme année IMACS - Germain GARCIA MASLC - Chapter |1



2. Differential equation

Introducing the derivation operator:

g d
T= 7 and ' = JTS
we have:
D(r)y(t) = N(r)u(t)
with:

D(r)=ap+ a7+ +apr™
N(r)=bo+bir+---+byr™

D(r) =0, characteristic equation

The roots of D(r) = 0 are called the characteristic roots.

Note that because D(r) is a polynomial with real coefficients The set of the characteristic
roots is auto-conjugate meaning that it is invariant by conjugation or in other words, if A is
a complex characteristic root the A is also a characteristic root. (Show it)
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3. Transfer function

Introduce the unilateral Laplace Transform

Define
o2 infla € R: [y(t)le” *'is integrable}

The Laplace transform is defined for Re[s] > o.
INSA == =

Slide 6,72
3iéme année IMACS - Germain GARCIA MASLC - Chapter |1



3. Transfer function

PROPERTIES
Ji0] [ LI/ Names
I [
Z aifi(t) Z a; Fy(s) Linear combination
i=1 =1
leJi( ) sY(s) —y(07) Derivative Law
d*y(1) k I 10! . ‘o
ik s5Y (s) - Zi:] e High order derivative
¢
y(r)dr ( ) Integral Law
i
y(t — )t —71) Y( ) Delay
dy
ty(t) d;)
d*Y (s)
thy(t —1)k
t y(t) F—
/ f1(m) falt — T)dr Fy(s)Fa(s) Convolution
i
tlim y(t) hI‘I(l) sY(s) Final Value Theorem
lim y(t) lim sY(s) Initial Value Theorem
-0+ R
1 ro+j00
f1(t) f2(t) %/ Fi(¢)Fa(s — ¢)d¢ Time domain product
e fi(t) lTﬁ]mﬂ(s —a) Frequency Shift
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3. Transfer function

TABLE OF COMMON LAPLACE TRANSFORMS

[ f(®) (t=0) ] Lf ()] | Region of Convergence |
I
1 - >0
s
Sp(t) 1 lo| < o0
1
t = o>0
" ne7zt n! g >0
sntl
et aeC ! g > R{a}
sga
text acC m g > 3?{(1}
s
cos(w,t) F ol g>0
; Wo
sin(wot) 322+ - g>0
— (sin B)s + wZcos B — asin B
e sin(wot + 3) o o2 o> R{a}
; Wo s
tsin(wot) m g>0
2 _
t cos(w,t) 5)40']20,, a>0
(6 + we)?
p(t) — p(t —7) — o] < o0
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3. Transfer function
Taking the Laplace transform of the differential equation leads to

(ag+ars+- -+ ans™)Y(s) =(bp +bys+---+bms™)U(s) + I(s)

D(s) N(s)

with I(s) = 0 for null initial conditions

Then
_ N(s) I(s)
Y(s) = D(S)U(s) + D(s)
———
G(s)

G(s) is called the transfer function if N(s) and D(s) are coprime polynomials

D(s) =0 is the characteristic polynomial.

The roots of N(s) are the zeros of the system

@ The roots of D(s) are the poles of the system. INSAI==
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4,

State Space equations

It is well known that the input/output relations are not sufficient to determine the
behavior of a system. For the differential equation, we need the initial conditions.

A dynamical system is then characterized by a set of n variables called the state and
denoted by a vector x(t) which belongs to a vector space (Linear space) X called the
state space and the idea consists in parametrizing the input/output relations with
respect to the state.

Another way more axiomatic consists in defining the notions of state and state
transition function and deduce the required properties to characterize a dynamical
system (Group properties)

For LTI systems, a state-space model can be described by the following equations:

d’(‘i(tt) —  Ax(t) + Bu(t)
y(t) = Cx(t) +Du(t), x(0) =xo0

where A, B, C,D are matrices such that
ARV BeR™™ (m=1), CERP*" (p=1) and D € R™*P(€ R)
INSAEE~ &=
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4. State Space equations

RELATIONS WITH TRANSFER FUNCTION

Taking the Laplace transform, we obtain:

sX(s) —xo = AX(s) + BU(s)
Y(s) = CX(s) + DU(s)

and hence:

X(s) = (sI—A)"BU(s)(s) + (sI—A) "xo

Y(s) = [C(sT— A)"'B +DIU(S) + CsT — A)'x0 = G(5)U(s) + 5
G(s)=C(sI—A)"'B+D
iy = Cl1 A0

INSAZ 5
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4. State Space equations

We have:
1 Cof((sI—A)NT

det(sI — A)

where Cof((sI — A)) is the cofactor matrix associated to sI — A. Then

(sI—A)

_ CCof((sI—A))TB + Ddet(sl — A)

G(s) det(sI— A)

If D=0, deg(N(s)) < deg(D(s)).

If D #£0, deg(N(s)) =deg(D(s)).

The characteristic polynomial is given by det(sI—A) =0

The poles are the eigenvalues of matrix A.

The zeros are the roots of C Cof((sI —A))"B + Ddet(sI—A) =0

LAAS
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4. State Space equations
NO UNICITY
We can change the state vector by:

X = Mz with M invertible

dx(t) dz(t)
=M
dt dt
The new state-space model writes

= AMz(t) + Bu(t)

dz(tt) = M TAMz(t) + M~ 1Bu(t)
y(t) = CMz(t) + Du(t)

The transfer function can also be deduced from ((S;S2)~' =S5'S;"):

G(s)=CM(sI—-M'TAM)"'"M'B+D
=C(sMM™' = MM TAMM")"'B+D

= C(sI—A) "B+ D for all M invertible
INSA e
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5. An Example

f
Uf-(fl)() I E':-"" Rs v(t)

u(t) =v¢(t) and y(t) = v(t). We can write:

y(t):Ld;(tt)
u(t) —y(t) . dy(t) | y(t)
T —I(t) + CT + Tz

INSAZ 5
Slide 14/72
3iéme année IMACS - Germain GARCIA MASLC - Chapter |1



5. An Example
DIFFERENTIAL EQUATION

Differentiating the second equation, we obtain:

1(du(t) dy(t)
Ry dt  dt

_dify | dfy(y) 1 dy(y

) dt dt? R, dt

The differential equation can be deduced:

d?y(t) < 1 1 )dy(t) 1 1 du(t)

- t — -
a2 RiCc T Re) a e EtR e @

The order is 2 and the characteristic equation is:
1 1 1
2
o — =0
7+ (R1C+ RZC)T+
INSAEE~ &=
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5. An Example

TRANSFER FUNCTION

Taking the Laplace transform of the differential equation or directly from elementary

equation, we obtain:

G(s) =

S
R;C

SZ+ L—FL S_i_]i
R;C R,C LC

The characteristic polynomial is given by:

1 1 1
4 (et re) S e O

RiC  R,C

3ieme année IMACS - Germain GARCIA
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5. An Example
STATE SPACE

These equations can be rearranged as:

di(t)  y(t)

dat L
dy(t) i(t) 1 1 u(t)
“at ‘c‘[mc*m]y(t”mc

Letting x(t) = ( i(t) y(t) )/, we obtain:

o
2
=
| =

3iéme année IMACS - Germain GARCIA MASLC - Chapter |1
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5. An Example

The transfer function can be deduced from the state space equation.

G(s)=C(sI—A)'B=

S ] B 0
L
SR I [1]
C RiC " R,C RiC
s+[‘+‘} 1 0
_ ] ‘] [0 1] RICTRCl L 1
2+ (sc—=+>—=|s+—= —= s RiC
R,C ' R,C LC C
S
Gls) 1 R1C1 1
sz+<+>s+
RiC RC LC|  msmz ==
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5. An Example

Now consider that Ry =1, ,R, =2, ,C=0.5, L=1. We have :

d’:i(:) - [_g _;]x(tw{g}u(t)
y(t) = [0 1 ]x(t)

Consider the new state vector :

o1 o2
X = 1 —ZZ:>Z_ 1 1 X

INSAZ 5
Slide 19/72
3iéme année IMACS - Germain GARCIA MASLC - Chapter |1



INSA =" o=
Slide 20/72



6. Linearization

In fact, linearity never occurs in practice. A state space description is given by:

KO~ o, u)
Yl = glx(t),ul)

In some situations, (regulation), we can used a linearized model. Suppose that x.(t), u.(t)
and y(t) satisfy:

Pl el uelt)
Belt) = glxelt)ue(t)
Then, we have:
dx(t) _ of of
G = A0l + 3] )+ ] o)
YO gt ue®) + 3| RO x) G ) )
INSAE:~ ==
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6. Linearization

Denoting by:

we obtain:
Ax(t
d ;‘t( Vo AW) Ax() 4 B(0) Au(t)
Ay(t) = C(t) Ax(t) +D(t) Au(t)
with
AW =& . B)= o
X (xe (t)yue (1)) Ul (xe (1) 1e (1))
cy= 29 . Dly=29
Xl (xe (1) e (1)) Ulixe (t),ue (1))

If xe(t), ue(t) and ye(t) are constant, then A(t), B(t), C(t) and D(t) are also constant.

INSAE:~ ==
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6. Linearization

EXAMPLE
Consider the following system
dx(t) u?(t)
= VA + 5 = (b, i)
y(t) =x(t)
t 2 4
u moves around 2. Then u. = 2, and d):i(t ) =0 lead to \/xc(t) = % =3 Then
of 1
A= - ==
N lxemettn  2VxO ], 8
_ of _2ue 4
U (xetyuety 3 3
INSAEE~ &=
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6. Linearization

Then

dAx(t)
dt
Ay(t) = Ax(t)

8

3

= A(t) Ax(t) + B(t) Au(t) = —éAx(t) + iAu(’t)

28
26
2.4

22

18
16

14
0

5 6
Time [s]
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7. Transfer function — State equation

A in diagonal form

We know G(s) and we want to obtain a state equation. We suppose that the poles
are different (single), real and deg N(s) < n.

o (s —pi) — (s —pi)
— D i=1 i=1
E(S Pi) X,
We obtain
P1 0 0 X1
o o0 . 0 x + u
dt 0
O 0 pn an
y = [1 1]x e
INSA ™ ==
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7. Transfer function — State equation

Suppose now that a pole is multiple of order .

N(s)
(s) =
(s—p)"
U(s) U(s) U(s)
Y(s) =« +o ot
(s—p) (s—p)? (s—p)"
—— —_———
X X1 X1
p 1 0 0
dx 0 0 :
at = ) X+ lu
p 0
0 0 p 1
y = [ - ar oo |x
A is a Jordan Block of order r. INSAzE~ B8
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7. Transfer function — State equation

Complex poles

Suppose that we have the following transfer function

ap +i(b—ax) ap —i(b— ax)
G(s) = as+b - as+b _ 2B " 2B
s T s+ )2 +p2 T (s+a—if)(s+a+ip) s+ a+ip s+a—1if

A state space equation can be obtained as

ap +1i(b—aw)
dx —x—1ip 0 2B
a 0 —at+ip || ap—ilb—ax) |™
2p
y = [1 1]x
INSAEE~ &=
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7. Transfer function — State equation

Let consider a new state vector

T2 o -
"*{—i/z 1/2}Z:‘Z*{1 1]"

~ [ =i i —a—ip 0 i2 12] [ -« —B
woam= [ T G s e e

INSA 6
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EXAMPLES

_ 1 1 12
SN+ s =D G+
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7. Transfer function — State equation

- 1 2 1 1 7/ 12 1/4
G(s)_s3(s—|—1)2(s—1)_ s+s2 s3+(s+1) (5+1)2+(s—1)

01 0 0
00 1 0
& |00 0 N 1
a 1 X o |4
0 —1 1
1 1/4
y = [-1 1 =2 12 7/4 1]«
INSA =
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7. Transfer function — State equation

G(s) = s—1 _ 1 n -2 n 1—s
(s 122 42542)  s+T1 0 (s+ 1) (s+1)2+T
a=1 B=1 a=-1
b—aa
b=1 =2
B
-1 1 0
ax 0 —1 N
at -1 1| 2 |
—1 1
y = [-2 10 1]x
INSA ==

3iéme année IMACS - Germain GARCIA MASLC - Chapter |1

Slide 32/72



7. Transfer function — State equation

A in companion form (controller and observer forms)

_ bo+bist -+ bps™

G(s) , m<n
Ao+ ais+ -+ aps™
We can obtain
0 1 0
0
de ° x+ | |u
dt : 0 1 0
_Go . _Gno 1
L an an an
[ bo by
= — — 0
Y L Gn  Qn *
This is "the controller form". Try to show that. INSA =" 8%
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7. Transfer function — State equation

A -
_ 1 ... 0 _ :
an 0
i : ST :
& X+ bi u
dt L RTURP an
an bo
_B) 0 L an
L an _
y = [10 0]x

This is the "observer form". Try to show that (more involved).
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7. Transfer function — State equation

EXAMPLES
1 1
G(S)s(s—l)(s+1)_s3—s
CloZO a1:—1 C12=1 b():]

01 0 0 01 0 0
%:0017(—1—011 %:101z+0u
t 010 1 t 00 0 1
y = [1 0 0]x y = [1 0 0]z

INSAZ 5
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7. Transfer function — State equation

1

1

G(s)

T 23(s +1)2(s — 1) 2551 285 — 2s% _ 2¢3

a0=0 a1=0 a,=0 a3=-2 a3=-—2 a5=2 ag=2 byg=1

01 000 O© 0
00 1T 00 O© 0

dx 00 01T 0 O0 n 0

aa oo oo0o 1 o [¥T|o|"
00 0 0 0 1 0
00 01T 1 —1 1

y = [1/2 0 0 0O O]x

3ieme année IMACS - Germain GARCIA
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7. Transfer function — State equation

1 1
0 283(s+1)2(s—1) 2s6+2s5 —2s4 —2s3

G(s)

a0=0 a1=0 a,=0 a3=-2 a3=-—2 a5=2 ag=2 byg=1

dz
dt

O O OC O O —
o O O O —=O
o O o —- O O
o O - O OO
— O - O O O OO
N
_l’_
NN O O O OO
e

y = [100000

LAAS
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7. Transfer function — State equation

s—1 s—1

G(s) = =
(s) (s+1)2(s2+2s+2) s*+4s3+5s2+6s+2

(10:2 (11:6 (12:5 (13:4 (14:1 b():—] b]Z]

o 1 0 0 0
dx o o0 1 0 .t 0 u
at o o0 o0 1 0
-2 -6 -5 —4 1
y = [-1 1 0 0]x

INSA = =

Slide 38/72
3iéme année IMACS - Germain GARCIA MASLC - Chapter |1



7. Transfer function — State equation

s—1 s—1

G(s) = =
(s) (s+1)2(s2+2s+2) s*+4s3+5s2+6s+2

(10:2 (11:6 (12:5 (13:4 (14:1 b():—] b]Z]

4 1 0 0 0
2 _ |5 010 o0
it | 600 1]|% 1|

2 0 0 0 1
y = [100 0]z

INSAZ 5
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7. Transfer function — State equation

s—1 s—1

G(s) = =
(s) (s+1)2(s2+2s+2) s*+4s3+5s2+6s+2

(10:2 (11:6 (12:5 (13:4 (14:1 b():—] b]Z]

4 1 0 0 0
2 _ |5 010 o0
it | 600 1]|% 1|

2 0 0 0 1
y = [100 0]z
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7. Transfer function — State equation

Case m=n

For proper systems (D # 0), we have :

_ Y(s) _N(s)  R(s)
C) =) D) T bl L
(A,B,C) P

Q: quotient, R(s) = N(s) — QD(s): rest.

Example:
G(S)_Zsz+7s+7_2(sz+3s+2) s+3
T 5243542 s243s+2 s2 +3s+2
a [0 1] . [0],
dt -2 -3 1
y = [3 1 ]x+2u INSA 5
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8. Differential equation — State equation

Case m =0
Select x1 =Yy, X2 =Y',--- ,xn =y ™ 1) we obtain

0o 1 0 0

% = ° X .- | X+ u
dat 0 1 0
_G a1 _Gn o
an Qn an an

y = [1 0 0 ]«
INSA == =
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Case m >0

We select the following state variables

X1 =Y — anu
X2 =X) — an_1u

X3 = X5 — Qn_2U

Xn =Xh_; —oqu

INSAZE™ o=
=
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8. Differential equation — State equation

we have
X) =%+ ot =y — o’
Xy =%3 + ot 2w =x7 —on 1w =y" — o’ — o
X5 =%X4 + 03U =%5 —an oW =y" — o — o U — a1
’ " ’
Xno1 =Xn +t XU =%, 5, — U
— y(n—l) _ cxnu(n—l) _ (xn_]u(n—Z) _ Oén_zu(n_3) L 0(211/
X =y™ —au™ — oy u™Y - Hu™ ) U — g
Qo aq an—1 _ bo b
__Goy @Gty Doy O
—ou™ — o qumY g u 2 U —

INSA 6
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8. Differential equation — State equation

Replacing the derivatives of y an selecting o, i =1,---,n, in order to eliminate the
derivatives of u, this last equation writes

’ QAo aq an—
Xy =——X] — —Xp— -+ — Xn + XoU
mn aTL n
The state equation becomes
0 1 0
Xn—1
dx 0 n
- _ ) ) X u
dt : 0 1 x
_Go _@ _Gn oo
an an an
y = [ 1 0 - 0]x + o U

INSAZ 5
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EXAMPLE

y' +3y+2y=u+u

We select the state variables

X1 =y —xu

X2 =x) —oqu=y — U —au
We have

X7 =x2+oqu
xh =x] —oqu =y" —ouu” — o’

=3y —2y+u +u—ou’ — o

INSAZE™ ==
B
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8. Differential equation — State equation

But

Yy =x7 +oxu

Yy =x2+au +au
Replacing in the previous equation, leads to
Xy = —=2x1 — 3%z + (1 =301 — 20 )u + (1 — g + 30)w + ou”
Then we select
o =0 and oy =1 leading to x5 = —2x; —3x2 — 2u

The corresponding state space model is given by

dx 0 1] [ 1
a | -2 =3 2t

[1 0 ]x

Y

INSA == ==
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8. State equation — State equation

dx(t)

= Ax(t) + Bu(t)
y(t) = Cx(t) + Du(t), x(0) =xo
x(t) = Mz(t) =

dz(t)
dt
y(t) = CMz(t) + Du(t), z(0) = M~ 'x(0)

=MTAMz(t) + M7 'Bu(t)

We can change the state equation for obtaining a state equation with a special form for
the dynamical matrix

Diagonal form

Controller form

Observer form

3iéme année IMACS - Germain GARCIA MASLC - Chapter |1
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8. State equation — State equation

DIAGONAL FORM

The problem of diagonalizing a square matrix A of order n consists in determining vectors
v; and numbers Ay, solutions of the following equation :

A0 0

0 A 0

Al vy R Vn ] : .
M M 0 0 0 An

LAAS
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8. State equation — State equation

Vectors v; and numbers A; must verify

] Avi = Avq or similarly (AL — A)v; = 0 \

and are called respectively eigenvector and eigenvalue. A solution v; # 0 exists if
det(M\I—A) =0
P(A) = det(Al — A) is a polynomial of order n, the characteristic polynomial.

@ If all the roots are distinct, the matrix is diagonalizable and the eigenvectors are
obtained solving Av; = Ayv; fori=1,...,n.
@ If there exists a multiple eigenvalue of order v (r: algebraic multiplicity)
- If the eigenspace Av; = A;v; is of dimension 1 and the matrix is diagonalizable
- If the eigenspace Av; = Ayv; is of dimension 1 < r (1: geometric multiplicity). The
matrix is not diagonizable but can be put in a canonical form called a Jordan form.
@ The Jordan canonical form is unique

INSAZ 5
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8. State equation — State equation
@ More precisely, this canonical form exhibits 1 Jordan blocks associated with A;.

@ A Jordan block of order j associated to A; is a j X j matrix having the following
generic form

A1 o - 0
o A 1 - 0
o 0 - A 1
o 0 - 0 N

@ To the multiple eigenvalue of order r, are associated 1 Jordan blocks whose the sum
of orders is equal to

@ For example, if A; is an eigenvalue of order r =4 and if | = 2, the possible Jordan
structures are

Ao ] 0 0 AT 0 0
0 A 0 0 0 A 1 0
0 0 N 0
0 0 A 1
0 0 U 0 0 0 A INSAEE ==
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8. State equation — State equation

To compute the change of basis leading to the Jordan form (which is unique for a given
matrix A), we introduce the notion of generalized eigenvector.

Definition
Vectors vy, ...,V, are called a chain of eigenvectors of order r associated with an
eigenvalue A of a matrix A if :

where v is called a generalized eigenvector and satisfies: (A —AI)"™v = 0.

LAAS

INSAZ=" ==
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8. State equation — State equation

From the previous definition, we can write :

A[ Vi vV o Vy_q Vr ] = [ }\V] 7\\)2 + Vv )\VT,] + V2 )\VT + Vi ]
M

A 0 0

0 A 0 0

=[vi vz o v v ] o :

M 00 0 A1

00 0 0 A

]

=M'TAM =]
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8. State equation — State equation

To obtain the Jordan form

@ Determine the eigenvalues of A
@ Find a basis for each eigenspace

© If necessary complete the basis. If the multiplicity of the eigenvalue A; is equal to
T; while the dimension of the associated eigenspaces is equal to l; < r meaning
that a basis is defined by 1; vectors vi, wiy,...,z;. 1; —l; vectors have to be

~—_—
1; vectors
determined for completing the basis and obtain r; independent vectors. This can
be done by generating the associated chain of eigenvectors (expressed for
example vq):
(A — 7\11)\)2 =V, (A — 7\11)\)3 =V2y...

A new determined vector v; must be independent of the previous ones.

@ A change of basis leading to the Jordan form is:

M:[Vh V2,0 3y W1y, Wy -- 21, ZZ)"'}

LAAS

INSAEE" o=
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8. State equation — State equation

EXAMPLES

o O O

—_c =

0 A =1 0
1 — AI—A=|0 A -1 — detAN[—A)=A3—A
0 0 -1 A

A =1 0 X XA—y
0 A -1 y |=1| yrh—z
0 -1 A z ZA —y

INSA = ==
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8. State equation — State equation

x—y 0 1
A=1 y—z | =0 | =2x=y=z=v,=|1
z—y 0 1

—X—y 0 1
A=—1 —y—z | =|0|=2x=—y=z=>v3=| —1
—z—y 0 1

3ieme année IMACS - Germain GARCIA

1
M =

N= N= o

0
0

MASLC - Chapter |1

—1

Nl= N=

LAAS
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0
-2 — AMl-A=

o o =
o = O

A—1 0 0
0 A-1 2

0 0 A+1

—1

detA\I—A)=A+1)(A=1)

A—1 0 0 x x(A=1)
Al—A)v= 0 A—1 2 y | =] 2z4+y(r=1)
0 0 A+1 z z(A41)

INSAZE™ ==
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8. State equation — State equation

—_ -
o o =
o == O
| I |
|

|

Il
—

INSA 6
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—2 0 -1 0
A= ? _(]) g g — detAl—A)=A+1)* = —1oforder r=4
0 1 0 -1
A+2 0 1 077 x z+x(A+2)
0 A+1 0 0 y | yA+1)
AI-A)v= 4 Y 0 V= N
0 —1 0 A+1 t tA+1) —y
INSA = ==
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8. State equation — State equation

z+x
A=—1= 0 =0=>x=—z, y=0
—z—X
-y
a —1 0
=Vv= 0= 0 +b 0
B e 0
b 0 1
A w1
2 Jordan blocks associated with A = —1 = 2 chains of generalized vectors
z+x 1]
0 0
(—I-A)vy =—vi = x| T 4
—y 0 |
1
0
=z=—x+1,y=0=v, = 0
INSA ==
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zZ+x 1
(—I—A)vz=—v; = . _S = g = impossible
zZ+x 0
0 0
_I — = — =
( A)wy =—wq = rx 0
—y 1

INSAZE™ ==
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8. State equation — State equation

We have :

(A+Tv; =0
A+Dvz=vi=(A+D*va=(A+TDv; =0

(A+Dw; =0
(A+Dwr=w; = (A+D)?*w; = (A+TDwy =0
A first chain is given by
va,v1 = (A —Al)vo = (A + I)v, avec (A +1)*v, =0
A second chain is given by
wo,wi = (A —ADw, = (A + D)w, avec (A + 12w, =0
INSA == =
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8. State equation — State equation

-1 1 0 0
0 0 0 1
M = [vi, vz, w1, W,] = 10 0 0
0o 0 1 0
0 0 1 0 -2 —1 0 -1 1 0 0
1 0 1 0 0 -1 0 0 0 0 0 1
0 0 0 1 1 0 0 1 0 0 0
0O 1T 0 O 0 1 0 -1 0 0 1 0
M1 A M
—1 0 0
| 0o =1 0o o
o 0 -1 1
0 0 0 -1
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o = O O

1 0

—1
—1

-1

3 — detAl—A)=A+1)* — —1dordre T=4

0 -1
A+2 0 —1 0 x xA+2)—z
—1 A 1 1 y | _ t—x+z+yA
0 -1 A+1 1 z | T t—y+zA+1)
0 0 0 A+1 t tA+1)
INSAz~ =%
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8. State equation — State equation

X—z
_ t—x+z—y o - _
A=—1= t—y =0=>x=z t=y
0
a 1 0
v=| P =al O +b] !
V=1 a | T 0
b 0 1
Vi wq
2 blocs de Jordan associés a A = —1 = 2 chaines de vecteurs propres généralisés
X—z —1
i _ t—x+z—y | 0
(—I—A)vy = —v; = N e
0 0
—1
1
=sz=x+ly=t+l=wv= 0
0 INSA ==
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8. State equation — State equation

X—z 1
_ t—x+z—y | | -1 _ _ |0
(-I=A)vz=—v; = t—y | = 0 =x=z+1,y=t=v; = 0
0 0 0
We have :
(A+1Dvi =0
(A+TDva =y
A4+Dvi=v=> (A+D>vs=(A+D*v; = (A4+T)v; =0
A first chain is given by
v3, Vo = (A4 1Dvs, vi = (A +1)%v3, avec(A +1)3v3 =0
A second chain is given by wy
INSA i NG
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8. State equation — State equation

1 -1 1 0
0 1T 0 1
M = [vy,va, vz, W] = 1 0 0 0
0 0 0 1
0 0 1 0 -2 0 1 0 1 -1 1 0
0 1 0 -1 1 0 =1 -1 0 1 0 1
T 1 =1 -1 o 1 -1 -1 1 0 0 0
0 0 1 0 0 0 -1 0 0 0 1
—1 1 0 0
o 1o
o 0 0 -1 0
0 0 0 -1
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8. State equation — State equation

CONTROLLER FORM

If A, B, are the matrices associated to the controller state-space model, we have
AM = MA. and B = MB,

leading to (Show it)

M = [m] Ce mn]
m, = B
Mn—1 = (A + An—1 In) B
Mp_2 = (Az + an—1 A+ An—2 In) B
my = (Anil + an_1 A“’2~-~+a1 In)B
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8. State equation — State equation

M = [ my Mnp ]
(111 (121 an,21 an,1I 1
Clzl s an,zl an,1I I 0
— [B AB ATB | L
an_l an_4l I 0 0
Qe an_11 1 0 0
I 0 0 0
T
We have

detM =det Q. detT
and M is invertible if and only if det Q. # 0, then if and only if the system is controllable.
This structural concept will be defined later

LAAS
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8. State equation — State equation
OBSERVER FORM

If Co, A, are the matrices associated to the observer state-space model, we have
AM = MAT and CM = C,
also written as (Show it)

ATMN)'=M")TA, and CT = (M")'C]

leading to
M = ([m1 mn]T)71
my = CT
my = (AT+an11,)CT
m3 = ((AT)Z‘Fanfl AT+an72 In)CT
M = ((AT)n7] + an— (AT)niz"'+a1 In) CT
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8. State equation — State equation

M= m, my ] =
I anI an_>l . ayl a;l
O I an,11 (ln,21 azl
cT ATCT (AT)"*1 cT ]

0 0 I an_1I an_zl

Qs 0 0 I an_11
0 0 0 I

T

We have
det(M™)T =detQ," detT

and M is invertible if and only if det Q, # 0, then if and only if the system is observable.
This structural concept will be defined later

LAAS
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8. State equation — State equation

DIAGONAL MODEL FROM CONTROLLER MODEL

@ If all the eigenvalues are distinct, it is possible to obtain a diagonal form from the
controller

@ the matrix M is a Vandermonde matrix given by (Show it):

1 1 1 1
A1 A e Aot A
M=| M A - N5 A
MU A A

LAAS
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